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Anabelian Arithmetic Geometry — A new Geometry of Forms and Numbers:
Inter-universal Teichmiiller theory or “beyond Grothendieck’s vision”

B. Collas

Abstract. This text presents an informal overview on how, in accordance with some
deeply rooted principles of the philosophy of Alexander Grothendieck concerning the
practice of mathematics, recent progress in anabelian arithmetic geometry led to the
Inter-universal Teichmiiller theory (IUT) of Mochizuki Shinichi. The new geometry of
monoids furnished by IUT may be understood as the result of a seminal encounter
between Grothendieck’s principle of resolving the tension between the discrete and
continuous realms, on the one hand, and p-adic Hodge theory and height theory, on the
other, and opens a new research frontier that goes beyond the Grothendieck geometry
of rings-schemes by providing a unifying framework for Diophantine and anabelian
arithmetic geometry.

Keywords: arithmetic homotopy and Galois theory, anabelian geometry, Diophantine
geometry, inter-universal Teichmiiller geometry, Galois—Teichmiiller theory, abc and
Vojta conjectures, Fermat’s last theorem.

“-..] nothing seems to happen, and yet at the end a highly non-trivial theorem is there.”
— P. Deligne on Grothendieck’s “Rising Sea” method, in [Del98].

1. A PANORAMA OF GROTHENDIECK’S ANABELIAN PHILOSOPHY

At the most elementary level of human cognition, the essence of anabelian arithmetic geometry
concerns the articulation — and possible reconciliation — of two a priori complementary ways of
deciphering the perceptible world, that is to say, the discrete and continuous realms. The discreteness
of number theory — or its geometric variation, Diophantine geometry — imposes constraints on
the transcendental nature of the mind, while the continuous nature of geometry — or its discrete
variation, arithmetic geometry — furnishes a comfortable receptacle for its various realizations.

§ Grothendieck’s Mathematics Philosophy. In response to the limitations of the human mind
to grasp the essence of the dichotomy between the discrete and the continuous, Grothendieck’s
approach is to propose a universal and structural vision that reconciles the two realms (the discrete
and the continuous) — each as an avatar of a unique functorial and category-theoretic construction
(see Fig. 1 below and |[R&S] more generally). This approach is both philosophical and practical:
languages are constructed that reveal pre-existing structures, which, in turn, stimulate the further
development of language!. In Grothendieck’s twelve themes legacy, the unified treatment of Galois
symmetries of numbers and geometric forms —i.e. anabelian geometry and Galois—Teichmiiller theory
— is presented as a “master theme” to the mathematical community (see Fig. 2 and ibid).

!The philosophical aspects of Grothendieck’s practice of mathematics, i.e., more specifically, the creation of
unifying and revealing mathematical contexts are discussed in [R&S| § 2.8 — “La vision - ou douze thémes pour
une harmonie”. As discussed in a recent conference at Chapman University [Chap23], this approach could serve as a
virtuous guide for the modern arithmetic geometer. Regarding Grothendieck’s approach, where “language is invented
and structures are discovered”, see Panza’s talk ibid.

© 2023 B. Collas
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One can consider that the new geometry is, before anything else, a 1€ MmOt profound  (in my

synthesis between these two worlds, until then adjoining and closely eyes) of these twelve themes [or

interdependent, but nevertheless separated: the “arithmetic” world, in “master themes” of my work],

which live the (so-called) “spaces” without principle of continuity, and %7€ the theme of motives, and

the world of the continuous magnitude, where live the “spaces” in the the closely related theme of
anabelian algebraic geometry
and the Galois—Teichmiiller

yoga. P!

proper sense of the term, accessible to the means of the analyst [...]. In
the new vision, these two worlds, formerly separated, form only one |...,
in the] vision of an “arithmetic geometry” (as I propose to call this new

geometry).A]

. L ) Fig. 2. A. Grothendieck in
Fig. 1. A. Grothendieck in “Récoltes et semailles” (1986), § The new geometry “Récoltes et semailles” (1986)

- or the marriage of number and grandeur [R&S] notes 22 € 23 [R&S]

The resolution of this discrete-continuous tension between number theory and geometry is
what constitutes the core of anabelian arithmetic geometry. This process not only involves multiple
areas of mathematics — including class field theory, low-dimensional topology, topological group
theory, complex algebraic geometry and analytic Teichmiiller geometry, but also requires a dedicated

effort to acquire a specific way of mathematical thinking?.

§ “Esquisse” of a Fruitful International Legacy. When :
Grothendieck retired from the mathematical community, he left his v 5k
peers a stimulating research legacy that includes his anabelian vision: f b
the structure is given, but the objects have yet to be defined. In his N T
1983 “Letter to Faltings” |Gro97], a first introduction to the anabelian e
yoga is sketched, that was later developed further as a broader “Galois- . '“7 b

Teichmiiller theory” in his 1.600 page private manuscript the “Long ‘ :1
March through Galois theory” [LMG]|. This research finally culminated in il |
his 1984 “Esquisse d’un programme” [Esq], that inspired the realization

of an international research program® (~1990-2010).

)
ek

What began as multiple isolated research directions in the —_—

international community? — for example, in France with the work of Fig. 3. La “Longue Marche”
Lochak and Schneps on Grothendieck-Teichmiiller theory, in Germany @ frevers la théorie de Galois
then in the US with the work of Pop on anabelian birational geometry and the work of Fried on
Regular Inverse Galois theory, and in Japan with the independent development of Thara’s program
— resulted in the 90’s in unified international research efforts with multiple breakthroughs and long-
term collaborations. In Japan, the first generation — which centered around the school of Ihara
Yasutaka and Oda Takayuki — was followed by a second generation — constituted by Matsumoto
Makoto, Nakamura Hiroaki, Tamagawa Akio, and Mochizuki Shinichi. The school of Mochizuki

Shinichi, in turn, produced a third generation — namely, Hoshi Yuichiro — and, more recently, a

2This constant discrete-continuous tension — in addition to the use of a language-formalism-picture triangle and,
following Grothendieck’s philosophy, the introduction of a rich and necessary terminology — is what makes anabelian
geometry of a total different nature — and thus difficult to grasp — even for specialists in closely related fields, such
as number theorists or non-anabelian algebraic geometers.

3In the Russian mathematical community, where the “Esquisse” was distributed as an underground “Samizdat”,
it should be no surprise that George Shabat and Vladimir Voevodsky — first in terms of “Dessins d’enfants” [SV90],
then in terms of anabelian results [Voe91] — were the first to initiate a systemic study of Grothendieck’s legacy, see
[Shal8]. It is worth remembering that the theory of “Dessins” indeed originates from a famous result of Belyl — and
a remark by Bogomolov — whose announcement made a strong impression on Grothendieck!®!. Anabelian geometry
over algebraic closed fields was later developed by Bogomolov and Tschinkel.

4All these approaches share, in terms of their common Grothendieckian generating process and origins, some
similarity with the anabelian geometry that is discussed in these notes.
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fourth generation of junior researchers. All of these developments in Japan centered around the
“Research Institute for Mathematical Sciences”, Kyoto University, Japan (RIMS), which is now
the only international mathematics institute that has preserved, vastly expanded and renewed this

unique anabelian culture’.

§ A “far from abelian” Galois Arithmetic Geometry. The focus of anabelian arithmetic
geometry, which encompasses both anabelian and Galois—Teichmiiller geometry, is to explore the
absolute Galois group Gal(Q/Q) of the rational number field — the seed of number theory that
controls all the Galois symmetries that arise from the rational numbers — in the framework of
Grothendieck’s theory of the étale fundamental group, the group 7$*(X) of paths or loops on a
space X (see Fig. 6). In this category-theoretic unifying context, the Galois group and the group of
paths are two avatars of a unique construction that unifies the discreteness of the former and the

continuity of the latter.

Fig. 4. Grothendieck-Teichmiiller theory is s Analytic
a group-theoretic, combinatorial approach to the 0 e > 1

which relies on an étale-analytic transport: on
the sphere P' N {0,1,00}, an analytic isomorphism

transports the étale monodromy loop around O to the N « Etale
one around 1 for an essential arithmetic invariant f,

to appear

absolute Galois group of the field of rational numbers, ® ®
A A

Contrary to another theme of Grothendieck’s arithmetic geometry — linear Galois
representation theory, which was used by Grothendieck (1965), then Deligne (1974) to establish the
WEeil conjectures — and to the modularity program for elliptic curves — which leads, via Taniyama—
Shimura-Weil and Ribet’s Theorem, to Wiles” proof of Fermat’s Last Theorem (1994) — anabelian
arithmetic geometry is far from being linear and abelian, i.e. based on a commutative fundamental
group. The natural domain of anabelian arithmetic geometry is that of hyperbolic curves of a given
genus g with m marked points (see Fig. 6) or their moduli spaces M [,,,1, which classify the families,

deformations, and internal symmetries of such curves.

In terms of mathematical objects — following the realization of “Esquisse” given by Ihara,
Schneps, Lochak, Nakamura, and Matsumoto, as well as the realization given by Drinfel’d
via quantum group theory — anabelian geometry involves Teichmiiller spaces (i.e. the analytic
deformation of complex structures), mapping class groups and braid groups (where braid crossings
are non-commutatively composed), topological group theory, and, more recently, the theory of
operads. It indeed thrives on seminal encounters — e.g., with Deligne’s theory of weights, Thurston’s

progress in Teichmiiller theory — from which it borrows seminal insight and techniques.

§ In Japan beyond the Grothendieckian Vision. The Japanese school achieved decisive
progress in the anabelian program for curves, namely, with the work of Nakamura — via Deligne’s
theory of weights — then with the work of Tamagawa — via class field theory and the Lefschetz
trace formula to detect rational points on covers — which also includes an anabelian Néron—-Ogg—
Shafarevich—Serre-Tate good reduction criterion. The Japanese school went further to produce
higher dimensional anabelian results for configuration spaces. The zero dimensional case, that is to

say, the reconstruction of a number field from its absolute Galois group, follows from previous work

by Neukirch—Uchida (~1977).

5Tt may be of interest to note that Japan was the first country in which “Récoltes et Semailles” was published,
with the authorization of Grothendieck, namely, by Gendai Sugakusha Ed., in 1989. It was translated into Japanese
by Tsuji Yuichi.
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The next breakthrough, which includes several substantial strengthenings of Grothendieck’s
original anabelian conjecture for hyperbolic curves over number fields, came from a decisive shift of
perspective by Mochizuki Shinichi (1995), as the result of an encounter with Faltings’ p-adic Hodge
theory, from working with spaces over number fields K[Q to working with spaces over p-adic local
fields K/ Qpﬁ, i.e. over formal neighborhoods around a given prime p. This shift from Grothendieck’s
original global vision to working over local fields — which gives rise to stronger results that typically
include the global number field case — has since proven to be the most natural anabelian setting
and has yielded a plethora of progress (see [Hos22|), which also stimulated further work on other
variants of anabelian geometry”.

Mochizuki’s anabelian breakthrough has, with the support of the Japanese anabelian
community, since ramified into some additional innovative absolute, mono-, and combinatorial
anabelian wvariants, each elucidating further the essential nature of Gal(Q/Q). The final
reconciliation of the continuous and discrete realms — i.e. anabelian arithmetic geometry and the
Diophantine geometry of estimates — however required another decisive step®. The realization of
this missing link — which may be regarded as the final chapter of a 20-year long personal journey
and indeed harks back to the mathematical and philosophical legacy of Grothendieck — was provided
by Mochizuki’s Inter-universal Teichmiiller theory in 2012 — for a survey of the theory in its author’s
own words, we recommend [Alien]| and the more recent [EssLgc|; for the general scientist, see [Fes16].
The new geometry furnished by IUT opens new horizons that lie beyond Grothendieck’s original
algebraic geometry and the realm of schemes, rings, and fields — structures with two operations — by
working in the more flexible realm of multiplicative and additive monoids — structures with only one
operation — and has already yielded some decisive and central results in number theory (see § An
Anabelian abc Inequality), as well as important breakthroughs related to the original framework of
Galois-Teichmiiller theory.

¥ Note to the reader: This text is intended for mathematically oriented scientists or curious mathematics
students. For their convenience, special care has been given to include a reasonable use of mathematical notations.
Such notations should be considered as anchors for the mind and as concrete bridges to the original texts and cited

manuscripts.

Acknowledgements. This manuscript should be understood as the outcome of multiple collaborative
efforts within the arithmetic anabelian community. It is the initial study of IUT by Yamashita Go, Mohammed
Saidi, and Hosht Yuichiro, together with the work of the speakers at the 2015 Oxford and 2016 Kyoto
conferences, that have led to what is today’s general understanding of IUT. At a more personal level,
the author would like to express his gratitude to the speakers and participants of the “Promenade in Inter-
universal Teichmiiller theory” 2020-2021 RIMS-Lille seminar and the “Expanding Horizons of Inter-Universal
Teichmiiller Theory” 2021 workshop series, and especially to Mochizuki Shinichi, Ivan Fesenko, Pierre Débes,
Hoshi Yuichiro, Emmanuel Lepage, Tsujimura Shota, and Minamide Arata. Regular discussions with these
mathematicians ensured the solidity of this text. This work was supported by the International Center for
Next-Generation Geometry, a center affiliated with the Research Institute for Mathematical Sciences located

in Kyoto University.

SFor further details, we refer to the always stimulating survey of Nakamura-Tamagawa-Mochizuki [NTM98].

"One could cite the “close-to-abelian” program of Nakamura and Tamagawa for curves, of Tamagawa and Saidi
for fields, and of Pop and Topaz for function fields (indeed originally Bogomolov’s 1990 program).

8 At this stage, it is interesting to note that, originally and for a long time, the bridge between anabelian and
Diophantine geometry was expected to result from an argument to the effect that the Grothendieck Section conjecture
implies Mordell’s conjecture; we refer to “Letter from Deligne to Thakur” in [Still] and Remark 9 ibid for a counter-
argument.
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2. THE DISCRETE-CONTINUOUS FRONTIER

Diophantine and anabelian arithmetic geometry, Fig. 5. Thue—Siegel-Roth Theorem on bad
while both relying on Grothendieck’s geometry rational approximation of algebraic numbers
of schemes, are of an essentially different nature. Given a € Q an algebraic number, then for
Diophantine geometry is led by properties of numbers any € > 0, there ezxist only finitely many
within geometry, for example the existence of rational p/q€Q such that
points in varieties and questions of estimates (see Fig. 5), la = p/q| < 1/¢>*.
where “the geometry governs the arithmetic”. Anabelian
arithmetic geometry, on the other hand, realizes a more symbiotic relationship between the
symmetry properties of numbers and spaces in terms of Galois groups and étale fundamental group

— or group of paths, as in Fig. 6.

While the anabelian realm is led by a unique reconstruction goal, the Diophantine one is
speckled by a vast intricate network of inter-related conjectures. Among them:

e QOesterlé-Masser’s abc conjecture (1985) — or in its original geometric version, the Szpiro
conjecture for elliptic curves — is a super-seeding conjecture at the center of this network;

e Mordell’s conjecture (1922) asserts the finiteness of the set of rational points on an algebraic
curve of any genus — proven in 1983 by Faltings, Fields medal 1986 — and is the first decisive
application of algebraic geometry to height theory;

e Vojta’s conjecture (1987) provides an innovative and fruitful geometric insight into
Diophantine problems.

Anabelian geometry deals Fig. 6. An anabelian hyperbolic curve

with the reconstruction of curves from
their group of paths, as seen in this
geometric picture of a genus 3 m-
pointed curve, where each loop is

isomorphic to the cyclotome 7. The \\\

abstract group-theoretic identification
of these loops, the disentanglement
of their arithmetic and geometric
properties, and their (cyclotomic) rotational synchronizations correspond to essential steps of anabelian

reconstruction.

Anabelian arithmetic geometry, on the other hand, is already based on an essential unification
of number theory and geometry, since Grothendieck’s arithmetic fundamental group 7$*(X ) identifies
either with ’ﬁioP(X ) — a profinite version of the group of paths on a topological space — when X is a
complex geometric space, or with an absolute Galois group Gal(k/k) when X = Speck is a field of
characteristic zero. The étale fundamental group of a rational stack or scheme X over k furthermore
appears as an extension of ﬁJ{Op(X ) by Gal(k/k) (see 2.2. Anabelian Reconstructions — Schemes and
Monoids). The theory has evolved into different variants — relative /absolute, bi/mono, combinatorial

— each of which encompasses complementary aspects of the number-geometry entwining.

2.1. Number Theory, Diophantine Geometry & Arithmetization. Originating from
number theory, then enriched with the function field insight of Hilbert, Kronecker, then Mordell and
Siegel, the geometrization of Diophatine problems mostly follows Lang’s efforts of the 60’s — who not
only coined the term, but also structured the field with multiple and now famous conjectures — to

push further innovative insights from analytic and complex geometry, and ultimately Grothendieck’s
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algebraic geometry”.

From these foundational efforts resulted two of the most central conjectures of number theory
and Diophantine geometry: the abc conjecture — that we present in its non-geometric and non-Szpiro
form for the reader’s convenience, and Vojta’s conjectures on heights of points of varieties!©.

The shift towards anabelian arithmetic is prepared in the — at the time (2009) largely unnoticed
— reformulation by Mochizuki of the Vojta Conjecture, that exploits Faltings’ powerful methods from

the proof of the Mordell conjecture in relation with the arithmetic of elliptic curves!!.

¢ For an accessible, detailed, and up-to-date presentation of Diophantine geometry and height estimate theory,

we refer the reader to Bombieri-Gubler’s book [BGO6| .

§ “Abc” — The Shadow of a Network of Conjectures. The abc conjecture, proposed by Masser
and Oesterlé, reflects in its essence a deep and subtle relation between the addition and multiplication
of integers:

The abc conjecture (1985). For every e > 0, there exists a constant K, such

that any triplet of integer numbers (a,b,c) with ¢ = a + b satisfies

¢ < K. -rad(abe)'*,

where rad(n) denotes the product of prime divisors of n.
Or in Waldschmidt’s words: Two integers divisible by large powers of small prime numbers
have a sum divisible by small powers of large prime numbers — The abc conjecture can be seen as a
bound on the difference between the additive and multiplicative structures of the rational numbers,

see also § An Anabelian abc Inequality.

20%102 - O |

Despite its elementary formulation, the abc conjecture seems Bir
at first glance beyond reach. Various computational attempts in
identifying some abc triplets, including in terms of elliptic curves,
did not provide a better insight into the conjecture — see for example
Fig. 7, where colors indicate the (1+¢)-quality of an abc-triplet does
not suggest any patterns that might lead to a better understanding ...

of the triplets).

In different variants, abc is deeply related to some of the most o U TRt
central conjectures of mumber theory and analytics, combinatorics, Fig. 7. An (a,b) description of
Diophantine and arithmetic geometry. For example, abc implies: large ~ 10* abe-triples
e the Mordel conjecture (Elkies 1991); L-functions (Granville-Stark 1999);

e Roth’s conjecture of Fig. 5 (Bombieri 1994); e the (strong) Hall conjecture*;
e no Siegel zeros for Dirichlet e the (generalized) Szpiro conjecture®;

°0On the attitude of Lang toward the incorporation of Grothendieck’s developing and at that time already
colossal Eléments de géométrie algébrique, we refer to [Lan95]. This text, whose polemical tone should not hinder
its contemporary pertinence, indeed presents two interesting examples of social obstacles that may encounter the
circulation of new mathematical ideas — “If Algebraic Geometry really consists of (at least) 13 Chapters, 2.000 pages,
all of commutative algebra, then why not just give up? The answer is obvious.”

10A height function measures the size of rational points, both locally — around primes — and globally — on global
number fields. An Arakelov-theoretic variant provides an even more functorial approach in terms of line bundles as
in the context of Faltings’ and Mochizuki’s anabelian approaches (see 3. Inter-Universal Teichmiiller Geometry).

"1\While Faltings’ proof of Mordell appears naturally as a crucial encounter between number theory and geometry,
the arithmetic of elliptic curves is however there not yet fully revealed. We prefer to stress its seminal role in
Mochizuki’s anabelian geometry breakthrough (see Fig. 10 and corresponding section).
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where the Szpiro conjecture, via Frey-Hellegouarch curves y? = (z - a)(z - ¢) for (a,b,c) such that

a” +b" = ¢", implies Fermat’s Last Theorem above a certain degree — * denotes equivalences!?.

It was indeed the brilliant insight of Vojta to reformulate abc as a geometric Diophantine
inequality in terms of height and ramification, by considering an (a,b,c) triple as a point
[a:b:c]eP\{0,1,00} in the genus 0 curve, or projective line (see Fig. 8). While this new
geometric insight makes precise a shadow area that has to be explored, no conceptual progress has
been recorded within 20 years, thus illustrating the limits of traditional arithmetic thinking and
suggesting the need for a profound change of prism in arithmetic geometry.

§ Vojta—Mochizuki — Geometrization & Arithmetifization. As expressed by Debes, “the
Vojta conjecture appears as a universal geometric Diophantine Approximation statement — rational
points are rare because algebraic numbers are badly approximated by rational numbers in the sense
of [the] Thue-Siegel-Roth Theorem”.

The Vojta conjecture, inspired from Nevanlinna Fig. 8. Vojta’s Conjecture (1987)

theory in complex analysis, is a geometrization of Thue’s ) o
For X a variety, K a number field, D < X a divisor

inequality: D can be seen as a subvariety of X, the function .
and H an ample divisor, and € > 0, then:

mg,p evaluates the proximity of the point to D with respect
to its local parts, or primes in S (see (LHS) of Fig. 5); the ms,p(P) +hky (P)<e-hg(P)+0(1)

height function evaluates the size of P in terms of certain . . .
g f{ } / o / for every point P of X outside a finite set.
referential system of coordinates describing X (see (RHS)

of Fig. 5) with xp = q as the coordinate of a point P on the line.

Vojta is an essential step in pushing geometrical insight into the world of rational numbers and
estimates: the abe inequality now appears as a bound on ramification over curves', which also allows
higher dimensional considerations. In the case where X = PV is N-dimensional and D is a union
of (linear) hyperplanes, one indeed obtains Schmidt’s subspace Theorem, which for N =1 recovers
Roth’s Theorem'. In order to illustrate the intricacy of this circle of ideas, it may be interesting
to note that Vojta also provides a new proof of Mordell — now simplified in an “estimate flavor” via
Roth’s Theorem and height theory by Bombieri — that leads to further and rich generalizations —

we refer to Rémond’s survey |[RémO03| on these points.

The decisive steps to go beyond Vojta’s geometrization of abc — which also prepares the way
toward the use of anabelian geometry, and the forthcoming Inter-universal Teichmiiller theory — is
given by Mochizuki in the 2009 paper [GenEll| that establishes various arithmetic properties for
“general” elliptic curves in the moduli space Mj ;1 of elliptic curves — some of which will form
the IUT notion of initial ©-data that have to be explicitly constructed in order to apply the
whole TUT algorithm of § An Algorithm between Frobenius-like data. The seminal new insight
is, under the assumption of a certain (nonexistent) global multiplicative subspace py < E, to rely
on the use of Faltings’ theory of heights and their isogeny invariance — as in Fig. 10, see also
3.1. Categorification of a Diophantine Problem — to obtain some bounding of heights inequalities of
the form ht(E) <log(¢)/(¢-1) <1, see |EssLgc| Example 3.2.1 for details.

The final step to abc is given via a reformulation of Vojta’s conjecture that includes some local
Galois stability condition — or a certain property of a “compactly bounded set K7, in particular some

Gal(@p/(@p)—invariance for p prime number. This “Galois-input” can be seen as a first step in the

Interestingly, the polynomial analog of abc is related to the additive group law of the rational points of the circle
and to Pythagorean triples, it can be established in an elementary and beautiful way, and also implies Fermat’s Last
Theorem for function fields.

3Following Elkies, the (RHS) corresponds, via the Fermat description of an (a, b, ¢) triple, to the ramification value
at —a/b over {0,1, 00} of the function f = —(z/y)"; note the minus sign to reverse the inequality.

' The reformulation of Vojta into Schmidt’s subspace theorem is indeed a rewarding and pleasant experience.
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direction of the p-adic local anabelian context of § “Fukugen” — From Classical to Mono-absolute.
The simulation of the non-existing global multiplicative subspace is at the core of inter-universal
Teichmiiller theory. Vojta’s inequality, which is both an abutment and a central piece of Diophantine
geometry, is presented with Mochizuki’s approach as a new seminal frontier. For these reasons, the
above inequalities deserves the name of “Vojta—Mochizuki inequalities”.

It may be of interest at this point to note that the creative process of Mochizuki adopts
Grothendieck’s principle of “The Rising Sea”, see below. The Inter-universal Teichmiiller geometry
is the fruit of a 20-year journey initiated by Mochizuki when he was a PhD student in Princeton with
Faltings in 1992, that crystallizes the multiples facets of his already innovative work in arithmetic
geometry (see Fig. 11). This is the completion of this program that now provides a new significance
to the 2009 “Vojta—Mochizuki inequalities”.

“The unknown thing to be known appeared to me as some stretch of earth or hard marl,
resisting penetration... the sea advances insensibly in silence, nothing seems to happen,
nothing moves, the water is so far off you hardly hear it... yet it finally surrounds the
resistant substance.”

— A. Grothendieck in [R&S] § 18.2.6.4 (translation by McLarty [McL07])

2.2. Anabelian Reconstructions — Schemes and Monoids. Anabelian geometry deals
with the question of the reconstruction — or “fukugen” — of a space from its group of paths Il x, that is
a general reverse process to Grothendieck’s functorial creation of the sequence of fundamental groups
that intermingles the (discrete) number theory of the Galois group Gal(k/k) and the (continuous)
geometry of Ax ~ 'T?EOP(X):

func. _
X xk---» X — Speck )7 L= mf (X x k) = af(X) — af'(k) — 1
?A/W_ 1] 1] "7
Janab. AX HX Gal(k/k)

— here X xk can be thought as the polynomial equations defining X with coefficients in an algebraic
closure k of k (see Fig. 9 below for the classical bi-anabelian form). We note that the case X of
dimension 0 corresponds to the reconstruction of a field from its Galois group. In the dimension 1
case, Grothendieck expected for hyperbolic curves to be anabelian.

Fig. 9. Anabelian Geometry reconstruction: For X, Y varieties over K, the natural map
Can any morphism between the étale fundamental
groups Ilx and Iy be uniquely reconstructed from
a morphism between X and Y ?

The mono-version involves a unique object X, the
absolute one forgets the relation of X to K is an isomorphism.

Isompg (X,Y) = Isomgu /ey (Ix, Iy ) Ay

In Diophantine geometry and the abelian — i.e. commutative — realm, one cannot help but
notice the analogy between Faltings’ isogeny Theorem (see Fig. 10 below) and the anabelian
reconstruction question.

Fig. 10‘ Faltings’ Isogeny Theorem is a FOI‘ A, B abelian V&I‘ieties, the Il&tlll‘al ma:p
fundamental steps in the proof of the Mordell

Congecture that also can be seen as a local H _
omy|A, B] ®7 Zy - Hom, T)(A), T)(B
approximation of an “anabelian” result for abelian k[ ’ ] Z St Gal(k/k)[ f( )’ 5( )]

varieties — where the fundamental groups are replaced
by their abelian £-local Tate module parts T is an isomorphism.

The étale fundamental group framework of Grothendieck’s arithmetic geometry for ring-
schemes is a first example of resolution of the tension between the discrete and the continuous

realms. On the other hand, Inter-universal Teichmiiller theory involves an arithmetic geometry that
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goes beyond Grothendieck’s scheme and ring structures and thus relies on a general and “twice

absolute” approach, namely, mono-anabelian and absolute anabelian geometry™.

& We refer the reader again to the general overview of anabelian principles in the classical [NTM98], and to

the report [Hos22] on the latest advances of the field.

§ “Fukugen” — From Classical to Mono-absolute. While still borrowing the pioneering group-
theoretic insight and techniques of Nakamura and Tamagawa, Mochizuki’s anabelian breakthrough
in the classical context — i.e. non-mono and non-absolute — introduces an important shift of
perspective by relying on Faltings’ p-adic Hodge theory to provide a canonical container P(Dx),
namely, the projective space associated to the vector space Dx of global differentials, for the
reconstruction of spaces, where one can build rational points by p-adic convergence of sequence

of points built in a sequence of covers a la Tamagawa — see also [Fal98| for an overview.

This first regeometrization of anabelian geometry — from over the original global number fields —
to over p-adic local fields has since become the standard anabelian context. This approach moreover
establishes the use of line bundles and Chern classes, an additional step toward Faltings’ height

theory (see 3. Inter-Universal Teichmiiller Geometry).

. i Number
Fig. 11. Anabelian Geometry Theory Al"lk;clov* *
- A contemporary panorama Theory Diophantine = <..................... .

. R .. A\ sometry :
Inter-universal Teichmiiller ] Geometry :
geometry appears as a bridge  Algebraic Inter-umiversal
and an abutment of anabelian ~ Geometry Teichmiiller
geometry; * indicates a major Arithmetic Gco:n(\,try
contribution  from  Mochizuki Geometry Anabelian * :
Shinichi, often based on p-adic . Geometry

Complex Teichmiiller

Hodge-theoretic considerations
Geometry Theory

In the classical non-absolute case, a fundamental role is played by the decomposition and
inertia subgroups of the fundamental group (resp. D, and I, < IIx). In Mochizuki’s absolute
anabelian geometry, their reconstruction comes from the use of elliptic and Belyi cuspidalization

techniques that relate hidden symmetries of the curves and covers of their “missing” points.

For a recent survey of higher-dimensional anabelian results, we refer to [Hos22| § 5, see also
Note 17.

§ “There exists a group-theoretic algorithm...”. While absolute mono-anabelian geometry
involves the reconstruction of a space X from a single object m(X), it involves procedures and
properties that are common to all objects considered!®; it results in statements of the form “There
exists a functorial group-theoretic algorithm to reconstruct X from Ilx, or IIx ~ X7 In this
terminology, one works in an “absolute”, as opposed to relative m1(X) — Speck context, in the
sense that X is detached from its base field k.

In order to convey a sense of the flavor of the procedure, let us present step-by-step the mono-
anabelian reconstruction of the base field k (via the function field Kx) of an anabelian hyperbolic

curve X:

5Despite the many paper published in this field since its initiation in 2003, this aspect of anabelian geometry and
its very specific flavor have been, over the last 20 years, largely ignored outside Japan.

16Regarding mono-anabelian geometry, Tamagawa speaks of a theory that deals with “One for all, all for one”
properties and proposes the terminology of “omni” or “pan” anabelian geometry.
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(i) Inertia and decomposition groups. Belyi cuspidalization reconstructs, respectively, the
decomposition groups D, then the inertia groups I, = D, n Ay < w1 (X \ U), where U is
the complement in X of a finite set of points;

(ii) Synchronization of geometric cyclotomes. The loops around various points x are globally
synchronized via a canonical identification I, ~ Z(1) for every x € U;

(iii) The multiplicative groups K% and k*. The Kummer map x:T'(U, O}) = H'(Iy, pz(Ilx))
provides the reconstruction of k* < K X5 Where H '(Hy, pz(I1x)) plays the role of a
“container”;

(iv) The fields Kx and k. The additive structure of K5 U{0} is recovered from the set of valuations
and K%.

One notes in particular the 2-step reconstruction of the ®/B-ring structure that in this case

is possible in a compatible way so that the (®,®)-field structure of k is recovered.

While most theorems for curves can be translated into mono-versions, such adaptations require
a deep expertise in anabelian geometry'”. Mochizuki’s Belyi cuspidalization techniques lead in
particular to a new anabelian geometric class of objects, that is of curves of strict Belyi type

(see [Hos22] § 6).

§ Mono-anabelian Transport. Despite being the most natural context for anabelian geometry,
the p-adic local field context can indeed be quite subtle, since the isomorphism class of k is not

necessarily determined by the isomorphism class of its absolute Galois group Gal(k/k).

A fundamental point concerns the compatible reconstruction of the two ®- and ®-monoid
structures. Indeed, while:

There exists a functorial group-theoretic algorithm to reconstruct from the group

G = Gal(k/k) the additive (k.(G),m) and the multiplicative (07(G),®) Gal(k/k)-

monoids
— where k, (G) denotes the additive structure of the field k, and 07 (G) < k. multiplicative group of
units of the ring of integers, both recovered from G — it is important to note that these two monoids
cannot be reconstructed simultaneously so as to obtain a reconstruct of the ring or field structure of

k — a similar conclusion also holds for k.

As such this anabelian context goes beyond the classical ring-scheme and Galois theories. The
Galois group Gal(k/k) is indeed a fundamental example of an étale-like object in Inter-universal
Teichmiiller theory, while the monoids are key examples of Frobenius-like objects'®.

Fig. 12. Mono-anabelian transport for ~ . = 3
multiplicative monoids of sub-p-adic fields H! (G, H%(Gk)) — 5 H! (G, H%(Gk)) Etale

between Frobenius-like objects wvia isomorphisms 7 .

between étale-like objects. The isomorphism obtained “T Q \L"(

betg}een Frobe@zus—lzke lob]ects is subject to an O; O;; Frobenius
* = Aut(Gr)-indeterminacy (Indl) as well as a

72 -Indeterminacy (Ind2)

This mono-anabelian transport is indeed seminal in the context of Inter-universal Teichmiiller

geometry — where étale containers are used to share Frobenius-like data across a non-schematic

In higher dimension, the existence of an anabelian open basis — originally predicted by Grothendieck — may
naturally be derived from the Japanese anabelian school techniques in both absolute and mono versions, see [Hos20]
Cor. 3.4 & Rem. 3.4.1; for a relative only version, see [SS16].

¥ This elementary example indeed already involves the full techniques of logarithm, poly-isomorphisms, and
synchronization of cyclotomes used in the IUT § An Algorithm between Frobenius-like data. We refer to the
introductory [Hos21] that was presented at the conference “Fundamental groups in arithmetic geometry” at the
Institut Henri Poincaré in Paris in 2016 for further details and comments.
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theta-link, see § An Algorithm between Frobenius-like data. This construction shares some analogy,
in classical Grothendieck—Teichmiiller theory, with the analytic transport between two isomorphic
but distinct étale neighborhoods in the projective line (see Fig. 4). In this case, the analytic link

requires no-indeterminacy but produces new arithmetic data.

On the path to IUT geometry, this shift to a mono-absolute framework and indeterminacies
is a key milestone in establishing a flexible geometry of monoids that will allow to deform (then

estimate the discrepancy between) the additive and multiplicative structures of integers in abc.

* As we discuss later, one essential aspect of IUT involves the p-adic geometry of elliptic curves E,
over p-adic local fields K, /Q, and a certain p-adic theta function. The corresponding fundamental group is
in this case given by André’s tempered fundamental group and the anabelian reconstructions are those of
combinatorial anabelian geometry, which are indeed compatible with the ones described above — we refer to

[Lepl0] § 1 for an introduction to Mochizuki’s functorial results on this topic.

3. INTER-UNIVERSAL TEICHMULLER GEOMETRY

While Grothendieck’s Eléments de géométrie algébrique have refounded algebraic geometry
with the use of general ring theory and formal thickenings, Mochizuki’s Inter-universal Teichmiiller
theory'® develops the mono-absolute anabelian geometry of monoids, to “juggle” or estimate the
degree of “untangling” between the two ®/@-dimensions of rings. It is based on the discovery of new
category-theoretic structures and the creation of new language that pushes arithmetic geometry
beyond the algebraic geometry of rings and Galois groups. By doing so, it finalizes the inclusion,
initiated by Vojta, of Diophantine discreteness into the already existing discrete-continuous realm

of anabelian geometry.

Inter-universal Teichmiiller theory is not an incremental enhancement of the Grothendieckian
geometry, but a conceptual refinement based on new paradigms — see Note 25 and the discussion in
§ Universe, Species & Logical Structure — that provides new insight into (1) the interface between
anabelian and Diophantine geometry, and (2) some internal arithmetic geometry mechanisms, with
(3) new techniques for defining a new research frontier (see 3.2. A new Anabelian & Diophantine
Frontier...). The outcome of these three steps can be seen as a second regeometrization of anabelian
arithmetic geometry.

Fig. 13. Inter-universal Teichmdiiller theory. A triangle between language, formalism and geometric pictures to

resolve the tension between continuity and discreteness — excerpts from the original IUT papers [[UTChI-IV].
“one may think of the fullness

condition of multiradiality as the

L. . n,my7® ~ 7®  [no D-OXIINF, |
condition that there exist a sort (""" Muyoo)a = My ("THT Jas
of parallel transport isomorphism MA@ ~ o r®  (mioq,D-OFUNE ;70
. . ( Mmoo)ﬂ - Mmoa( HT )as Vantl—ho\omorph\c v
between two collections of radial ) ) oGty refecton
- . nm]_—g = ]_‘Sr n,oq 7 D-6" .
data  [i.e. corresponding  to ( mod/e mao Jas onemodel another model
. . myr® ~ i® , D-0*<INF
two “fibers”| that lifts a given (""" Mped)a — Mypoq("°HT Vers
. . . of conventional of conventional
isomorphism between collections n,m ® ~ ® (n,0q,7D-OFINF, | scheme theory cheme theory
p ( ]:nmd ) a 7 ]:mod ( HT )0 3

of wunderlying coric data [i.e.

7 nmalk o~ motHTD-@i“”l\'F o
corresponding to a path between Stap 5 JuGr:
the points over which the two fibers

lie]”

¥Mochizuki’s TUT was first officially presented to the international community during the 2010 “Development of
Galois—Teichmiiller Theory and Anabelian Geometry” conference [Moc10] — see also the 2004 “Arithmetic Geometry”
Tokyo international conference [Moc04]. The initial versions of the IUT manuscripts were officially submitted in
August 2012 to the public RIMS preprints server [RIMS1756, 1757, 1758, 1759] and were later updated on its
author’s web page following comments of the community and the referees (plus 160 pages and 10 revisions).
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The category-theoretic approach of Inter-universal Teichmiiller geometry results in a rich and
evocative language for guiding mathematical thinking?®: objects exists in étale-like and Frobenius-
like flavors — depending on whether one regards an object as anabelianly reconstructed, such as
Galois groups, or, alternatively, whether objects are constrained to a particular ring or monoid
structure. Moreover, both étale-like and Frobenius-like objects come in two variants, namely,
holomorphic and mono-analytic flavors, depending whether they involve two or only one of the
two dimensions of a ring (see [Alien| § 2.7 (vii) and § 3.6 (iv)).

3.1. Categorification of a Diophantine Problem. The natural geometric context of IUT
is that of elliptic curves that belong to certain subloci of their associated moduli space?! My, ie.
over a global field K, where the goal, in order to establish a Vojta-like inequality, is to build a certain
global multiplicative subspace py < E (see § Vojta—Mochizuki — Geometrization & Arithmetifization).

To reach this goal, two issues appear that will be the essential guiding lines of IUT theory:
(i) While such a subspace exists locally —i.e. at certain places v for E, over K, local fields — such
a subspace typically does not exist globally, i.e. for E' € M 1;
(ii) The quotient morphism amounts to a sort of Frobenius morphism (—)E that is mot a ring
homomorphism — e.g. (a+b)! # a’ + b’
In order to overcome these obstructions, Mochizuki proposes (1) a categorification of the
original situation by constructing Hodge theaters??> HT*® that simulate the existence of such a
global multiplicative subspace py < E (see [EssLgc| Example 3.2.1) and (2) an arithmetic geometry

that does mot necessarily involve the ring structure.

Such a categorification of the arithmetic-geometric framework can be seen as a second example
of Grothendieck’s principle of resolution of the discrete-continuous tension, that this time, leads to

the inclusion of the realm of Diophantine estimates into the realm of anabelian geometry.

% Before going further, we recall that over a p-adic local field, an elliptic curve E,, (1) may be identified
with the Tate curve Gm/q%;v defined by its qp,-parameter, and (2) is determined by the evaluation of a
certain ©-function (Tate). Indeed, the main results of Mochizuki’s [EtTh] establish absolute-mono anabelian
reconstruction algorithms for this p-adic © context 2.
§ Hodge Theaters & Numbers-Geometry Synchronization. Not only does IUT take full
benefit of the category-theoretic setting of Grothendieck’s SGA1 theory of étale fundamental groups
— that it exploits at the interface of number and algebraic geometry theory in the most concrete
way — it also extends this geometry beyond Grothendieck’s framework of rings, fields, and Galois

groups.

The category-theoretic simulation of a global multiplicative subspace iy < E is realized with
the definition of ©*!'"NF-Hodge theaters (see [EssLgc|] Example 3.8.2). Such a theater H7T® =INF
is obtained as the “gluing” of an NF-part HT7F — NF for “Number Field” — and a ©*!part
HTgiCH — where © refers to the ©-function attached to an elliptic curve. The realm of HTNE

20For example: “The (Ind2) indeterminacy intervenes in the passage from the mono-analytic Frobenius prime-strips
to the mono-analytic étale prime-stripes.” More generally, on the cognitive value of a mathematical style and how it
applies to Bourbaki’s structuralism, we refer to Marquis’ [Mar22].

21Of which the already encountered projective line P! is a coarse version Mi 1.

22Formally, a Hodge theater is composed of Frobenioids — that category-theoretically encode the geometry of line
bundles — assembled into various kinds of prime-strips that gather local and local-to-global data related to étale-like
objects and Frobenius-like objects.

23 . and a remark similar to the one on Mochizuki’s work on Vojta in [GenEll] applies to the context-related
significance of this work.
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is Galois, arithmetic and multiplicative, and the realm of ’HT@ieu is étale-fundamental, geometric
and additive, we refer to [Alien] § 3.3 (v) for further details on these symmetries and the gluing

construction.

4 is obtained via

In this category-theoretic context, the dilation of the ®-monoid structures?
a O-link that operates at the level of Frobenius-like objects and is essentially defined, on the
qe-parameter of Tate elliptic curves, as the Frobenius morphism ¢g — q]; for j an integer —
indeed a sequence of such for j € {1,...,(I - 1)/2}. The ©-link is compatible with the ®-monoid
structures and determines a gluing between two isomorphic copies of the same ©*'NF-Hodge
theater THT@EUNF S, i’;'-[’T@ieulw, in order to remember that this framework is not compatible
with a given field-ring structure, we denote the two distinct but isomorphic ring-structures involved
with distinct labels T(-) and ¥(-).

Fig. 14. Log-theta lattice of

Hodge Theaters. In the shadow

of this lattice, an additional sub- T["g Tlog

layer of étale containers Kummer- o el &) ool 1)
connects the Hodge theaters in each - i VA - Lo -
vertical column. The multiradial ng Trog

algorithm allows one to navigate

from this sub-layer to a top- i n,rm,HT@i"“NF i) n+1.,m,7_[7-®i"“N1~‘ ©
layer that relates the Frobenius-like

components of the lattice Tlog Tlog

This situation is similar to the mono-anabelian transport one of Fig. 12: Hodge theaters admit
an étale-like variant, linked to the original Hodge theater via Kummer morphism, also up to certain

(Ind1,2)-like indeterminacies.

In order to desynchronize-resynchronize the O-link — Fig. 15. log-link, ®/®-structures
and étale container

deformation of the multiplicative structure with the (fixed)

additive structures of the rings involved — denoted (OF;m,x) (0P &) log (OF @)
K’ K’

3 =
monoid structures in its source and target (in a common log- k(11)

— IUT relies on the use of a certain log-link that relates the two

shell container) — see Figure right, where II denotes a certain
étale fundamental group that forms the input data in the absolute anabelian reconstruction of the
container objects in such a way that II is detached from the “structural” morphism IT - Gal(k/k),

see § below.

: 25 - (’ITL,TL) @iellNF

Put together, these constructions*® form the log-theta lattice of Hodge theaters HT ,

for m,n € Z, where the possibility of a highly non-commutative log-theta wandering is a key aspect
of IUT (see Fig. 14).

§ An Algorithm between Frobenius-like data. The Main Theorem of Inter-universal
Teichmiiller theory states the existence of a multiradial algorithm at the level of Hodge theaters

(see Fig. 16) as follows:

24This dilation of analytic structures can indeed be seen as the origin of the term “Teichmiiller” in the terminology
“Inter-universal Teichmiiller Theory”.

?5In this monoid-theoretic setting, one could ask what has become of the SGA1 “automorphism of fiber functor
over a geometric base point” ring-theoretic setting. We refer to the discussion on “a single unified basepoint” and
“single unified set-theoretic basepoint” of [EssLgc] Examples 3.8.3 and 3.8.4 — see also Example 3.8.1 ibid.
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Once given a certain arithmetic-geometric context for elliptic curves, there exists
an algorithm for constructing a common container for the Frobenius-like data
associated to distinct (=) and *(=) Hodge theaters that are related to another
by the non-schematic ©-link.

The arithmetic-geometric elliptic curves context is here given by fixing the so-called initial
©-data; this algorithm relies on the previous absolute mono-anabelian constructions. We refer
to [Alien] § 3.2 for additional examples of multiradiality. This algorithm is defined up to certain
indeterminacies (Indl), (Ind2), and (Ind3) that originate as follows: (Ind1) comes from comparing
mono-analytic étale-like objects by mono-anabelian transport; (Ind2) comes from a mono-analytic
étale-Frobenius comparison; finally (Ind3) originates from the non-commutativity of the log-
Kummer correspondence. Of these, (Ind 3) is the most essential indeterminacy of IUT, which plays
its most important role in the ©-pilot /g-pilot inclusion of log-shells in § An Anabelian abc Inequality.

Fig. 16. A Multiradial Algorithm allows one t t o full POly 1 Jull poly
to recover objects I — G constructed on the top I ->1G G I - G - G R

row from the objects constructed on the bottom row /\ / o

up to certain indeterminacies; '(=) and (=) denote
isomorphic but distinct copies of isomorphic groups TG Gy, ~ C

Following Mochizuki’s own words, an essential inspiration for the notion of multiradial
algorithm is Grothendieck’s definition of the notion of a connection in the theory of crystals —
see [Alien| § 3.1 (iv) for details. Both notions may be regarded as a sort of a descent property — see
[EssLgc] § 3.9.

§ Universe, Species & Logical Structure. As can be seen in the case of Wiles’ proof of Fermat’s
Last Theorem in Mclarty’s discussion [McL10|, and indeed already in the case of Deligne’s proof of
the Weil conjectures § 7 ibid, the question of the set-theoretic foundational frameworks underlying
breakthroughs — e.g. Peano, Zermelo-Fraenkel, or ZFC + Grothendieck Universe — is considered to

be of specific importance by some for creative thought, see also Note 26.

The foundational basis of IUT geometry can be approached at two distinct levels: an “external”
one that deals with the proper and logical articulation of sequences of statements, and an “internal”
one that ensures the correct interaction of objects, morphisms, categories, and functors that appear
in the theory. As presented in detail and in multiple contexts in [EssLgc|, the former “external one”
boils down to a sequence of logical “OR” and “AND?” relations — we refer to § 3. The logical structure
of inter-universal Teichmiiller theory ibid.

The “internal”, and category-theoretic, one is related to Grothendieck’s notion of “universe”,
which provides a foundational framework in set theory and amounts to fixing a given ZFC model?®.
As examined in Chap. IV “Log-volume Computations and Set-theoretic Foundations” of [ITUTChI-
IV], “albeit from an extremely naive/non-expert point of view!” (dixit Mochizuki, ibid)?7, this notion
in IUT is related to that of species and mutations, which yield a set-theoretical framework where the
various mono-anabelian and inter-universal reconstruction algorithms may be expressed — we refer to
the absolute anabelian and étale-Frobenius Examples 3.4-3.6 ibid. The following is a reformulation
of Rem. 3.1.4 and 3.6.3 ibid:

26n Grothendieck’s mathematical practice and philosophical view, the notion of universe must be considered as an
accessory for resolving Bourbaki’s foundational category-theoretic problems, not as a virtuous ground for subsequent
developments, see Marquis’ contribution in [Chap23| and also [Kr606] § 6 — this role is indeed explicitly attributed to
topoi. By contrast to this category-theoretic prism, one notes that IUT is not a geometry of commutative diagrams
(see Examples 3.6 (Syp2) and 3.10.2 in [EssLgc]).

2"The reader will allow the author to take an even more naive position, whose goal is only to bring these
considerations to the eyes of experts in the hope of a potential formal and rigorous treatment.
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Although the ©-link and the log-link, both non-scheme/ring theoretic, can give
rise a priori to numerous enlargements of the universe under consideration —
and thus a priori numerous ZFC models —, species and mutations only give rise
to “inter-universal” models.

If one follows Grothendieck’s principle of Note 26 even further, it would be reasonable to expect
for the theory of topoi — a theoretical framework that bridges category theory, logic, and geometry
— to provide an even finer and more revealing framework for these changes of ZFC models and
universes — we refer to [Ble22| and references herein for an accessible and introductory presentation
of topoi from the perspective of logic and mathematical universes.

“Mochizuki’s IUT| work [...] puts anabelian geometry on a higher level/perspective and
opens new unprecedented horizons in the research surrounding arithmetic fundamental
groups and their connection to diophantine geometry [...| The fact (established in
these papers) that Galois theory, and more precisely anabelian geometry, has a
particular control on certain diophantine inequalities is an extraordinary fact which
18 unprecedented.”

— M. Saidi in [MR4225476]

3.2. A new Anabelian & Diophantine Frontier... In Inter-universal Teichmiiller theory,
the abc inequality becomes an estimate on how far the ring additive and multiplicative structures
can be dismantled from each other. The approach of Mochizuki does not only lead to an anabelian
proof of abc and Fermat’s Last Theorem, it also provides some seminal “reverse” insight into classical
anabelian arithmetic geometry, or Galois—Teichmiiller theory, that is indeed the most natural context
in which to test these new insights.

§ An Anabelian abc Inequality. The abc inequality — also the first proof of the Vojta conjecture
“with ramification” already in the case of curves — results from establishing the “Vojta-Mochizuki
inequalities”. In IUT, this inequality follows from two inequalities between the arithmetic degrees —
or “heights”; or log-volumes — of two regions in containers arising from the log-theta lattice of Hodge
theaters of Fig. 14, associated to a certain ©-pilot and a certain q-pilot:

—|de < —|deg®p| < +o0
{| g4l < ~|deg O and thus degqp < ap/(by - 1),

—|deg ©F| < ag - b deg qg|

where the first inequality follows from the Main Theorem of IUT on the existence of a multiradial
algorithm, and the second one follows from some direct computations in classical number theory.
It is interesting to observe, that in order to apply this argument, it is necessary to construct some
explicit initial ©-data. This sort of tight cohesion of IUT between the category-theoretic, geometric,

and computational realms is a trademark of the soundest and most impactful mathematical theories.

The O-pilot and q-pilot objects may be thought of as regions inside
some intricate collections of systems of tensor products of log-shells that
arise from local portions®® of the various Hodge theaters involved; a log-
shell serves as a common container for the @8/R-monoid structures. A

geometric analogy is given by a collection of multiple neighborhoods taken

in various layers that appear in the Riemann surface defined by the multi-
valued complex logarithm.

28We remind that these local portions are independent of each other, especially with respect to the global number
field involved and even more with respect to any ring structure of reference.
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At the internal level, Hodge theaters contain a globalization part — the global realified part —
that ties together the local portions that arise from the various valuations of the number field under
consideration. This global realified part plays a central role in the definition of the Frobenius-like
portion of the non-ring theoretic ©-link and forms one essential part of the argument discussed above

29

so that it resuts in new Diophantine consequences”® — see also the section above for a discussion in

terms of Grothendieck universes.

The construction of the ©-pilot results from a certain wandering within the log-theta lattice
that allows one to reconcile the dilated multiplicative monoid structure with the additive one; the
three IUT indeterminacies are just flexible enough for this to happen.

§ An Extended Fermat’s Last Theorem. While it is Fig. 17. Fermat’s Last Theorem
natural to expect for a theory establishing abc to lead to a proof For n > 2 the equation
of Fermat’s Last Theorem (FLT), one requirement is to start

with a version of abc where the constant K. is explicitly given,
see [GT02] — a condition that requires an essential enhancement has no positive integer solution.

of the non-explicit anabelian-Diophantine result of the original IUT.

The main obstruction lies in the initial use of a compactly bounded subset I < P!\ {0,1, 00}
that supports the prime 2 and that is later removed by the use of a non-explicit non-critical Belyi
map. In [ExpEst|, the original IUT theory is refined with the construction of an étale theta function
— and properties of the corresponding monoids — via evaluation at 6-torsion points instead of at

2-torsion points as in the original Mumford construction.

The result is an effective version of abc (indeed the Szpiro version), which implies an anabelian

proof of Fermat’s Last Theorem:
labc| < 2% -exp(1.7-10%0.€7166/81) .rad(abe)> (1) and Fermat has no solution for p>1.615-104.

This lower bound — combined with a numerical result of Coppersmith (1990) and some new
cyclotomic estimates of Mihailescu and Rassias (2022) — is indeed lowered to p > 257, which combined

further with a result of Vandiver (1929), leads to a new proof of FLT in its classical and generalized
form (see Cor. 5.9 ibid).

§ Anabelian Grothendieck—Teichmiiller progress. Fig. 18. GT - an arithmetic-
Following Grothendieck’s “Esquisse d’un programme” [Esq|, combinatoric-geometric triangle
Grothendieck—Teichmiiller theory (GT) concerns the search for a Gal(Q/Q) — Aut[m1 (Mo m))]
combinatorial descript’i_cil of the absolute Galois group Gal(Q/Q) \ T

in terms of a group GT that arises from the Gal(Q/Q)-action

on the étale fundamental group of the moduli stack of genus 0

curves with m marked points — see Fig. 18, where the horizontal map is arithmetic, the vertical
one geometric, and the diagonal one Galois-combinatoric. The goal is here to determine “how close

are these three maps to being isomorphisms?”

While Galois—Teichmiiller theory and Grothendieck—Teichmiiller theory usually provide

some input for anabelian geometry, Mochizuki’s school recently obtained two unexpected reverse

From the point of view of the maturation of mathematical ideas, it is interesting to remember (1) that a
hectic debate, supported by Weierstrass, animated the mathematical community on how all-isomorphic non-labeled
neighborhoods in a Riemann surface can produce any new geometric information, and (2) that the dispute between
Leibniz and Bernoulli on the logarithm of non-positive real number was resolved by the introduction of the argument-
indeterminacy, see the contextual discussion in [EssLgc| § 1.5.



Anabelian Arithmetic Geometry 19

applications of combinatorial anabelian geometry to GT theory: (1) that GT is essentially too
geometric to coincide precisely with Gal(Q/Q) (see [HMM22] and [Hos22] § 7-8); and most
essentially (2) a combinatorial description of the algebraic closure Q of the field of rational numbers

and of Gal(Q/Q) itself (see [HTM20]).

“En guise de conclusion”

Inter-universal Teichmiiller theory presents itself as a new arithmetic geometry that faithfully
follows and incorporates the most fundamental aspects of Grothendieck’s practical philosophy of
mathematics. Given the multi-layered coherency of its geometric, category-theoretic, and explicit
constructions — as well as how deeply rooted it is in the most essential techniques and progress of
classical algebraic geometry and number theory — IUT comes across as a stimulating and virtuous
theory for the mind of the arithmetic geometer.

It already opens new horizons, “internally” — for example in terms of additional refinements
of the original IUT with respect to certain subloci of the moduli stack of elliptic curves My i, for
expected additional number theoretic breakthroughs — but also more broadly, with ramification
towards other related topics of arithmetic and homotopic Galois theory. As already reported
in [Hos21b|, a “Galois orbit Inter-universal Teichmiiller” theory is expected to establish decisive

progress in the birational local-to-global Grothendieck section conjecture (for an introduction, see
[Sail2] and [Hos14]).

One can thus only expect Mochizuki’s Inter-universal Teichmiiller geometry and philosophy
to act as one of the long-term beacons in the present general harmonization process of arithmetic

and homotopic Galois theory.

¥ For additional introductory notes on Inter-universal Teichmiiller theory, we refer to the 2021 notes, videos
and Leitfaden of [ExpHorizl, ExpHoriz2|; For a broader introduction and additional references, we refer to the

Program and the list of references of [Prom20].
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algébrique anabélienne et du yoga de Galois—Teichmiiller.”

“Une telle supposition avait ’air a tel point dingue que j’étais presque géné de la soumettre aux compétences en la
matiere. Deligne consulté trouvait la supposition dingue en effet, mais sans avoir un contre-exemple dans ses manches.
Moins d’un an apres, au Congres International de Helsinki, le mathématicien soviétique Bielyi annonce justement ce
résultat, avec une démonstration d’une simplicité déconcertante tenant en deux petites pages d’une lettre de Deligne
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Tpu 3ama4m1 BoCcCTaHOBJIEHUS CUTHAJIa-BEKTOPa MO MOJYJIAM
U3MePEeHUil 1 10 HOpMaM HPOEeKTOPOB

.M. Uz6sikos, C.41. HoBukos

Annoramuga. Han xkparkuii 0630p pe3y/bTaTOB II0 BOCCTAHOBJIEHUIO CHTHAJIA-
BEKTOPA IO MOJTYJISIM U3MEPEHUIT U T0 HOpMaM OPTOIPOEKTOPOB B KOHETHOMEPHOM
eBKJINIOBOM U YHUTAPHOM IIPOCTPAHCTBAX, U B DECKOHEIHOMEPHOM BEIECTBEHHOM
npocrpancTse £2. ChopMyIHpOBaHbl TPU 331441, TIOJTHOE PElleHHe KOTOPHIX MOKA
He Haiineno. [IpuBeseHbl BOBMOXKHBIE ITYTH PEIIEHUH U JTOKA3AHBI TEOPEMBI, TAI0-

e 9aCTUu4IHbIe OTBETHhI Ha ITOCTaBJIEHHBIEC BOIIPOCHI.

KuaroueBbie cjioBa: W3MEPUTEIbHBIN BEKTOP, aJbTEPHATUBHAS IIOJIHOTA, CIIApK

CrucTeMa BEKTOPOB, IIOAbEM (1)&31)17 IOJAIIPOCTPAaHCTBO.

BBenenue

Bo MHOTUX IPUKJIQJIHBIX UCCIIEIOBAHUSX BO3HUKAET TaKas CUTYAIUs: 3a/laHa HEKOTOpas
cHCTeMa TaK HA3BIBAEGMBIX M3MepUTEeIbHbIX BekTopoB ® = {p;}Y | B eBk/IMIOBOM MM yHU-
taproM npocrpancrse HY. VcenemosaTenio JOCTYIHBI Pe3ylbTaThl H3MEPeHHH HeH3BeCTHOIO
BEKTOpa-CUIHAJIA X B BHUJIE MOJYJIell CKaJsSpHBIX MpousBeneHuil |(X, ¢;)|, daser (wim 3nakm)
9TUX MPOU3BEJICHNUIT HEM3BECTHBI. BO3MOXKHO JI B TaKO CHUTyaIliii BOCCTAHOBUTH BEKTOD X 7
Tax KaK MOJLyJIM CKaJISIPHBIX IPOU3BEJICHUIT HEe NU3MEHSIOTCS MIPU [IEPEX0JIe OT BEKTOPA X K BEK-
Topy hx ¢ |h| = 1, To 1151 akKypaTHO#l (hOPMYTMPOBKH 33/Ia91 IPEIBAPUTETHLHO TIPOU3BOIUTCS
dakropusanus. [Iycrs T = {h € H : |h| = 1}. Beoaurcsa dakrop-npocrpancrso HY /T xax
MHO>KECTBO KJIACCOB 9KBUBAJEHTHOCTH: X ~ Y, ecjin cymiectByeT h € T : x = h'y. Takum obpa-
30M, BO3HHKAET 3a/[a9a BOCCTAHOBJIEHUS BEKTOPA IO MOJIy/IsIM u3Mepenuii. Tepmunosorus we
YCTOSIACh, B @HIVIOA3BIMHBIX CTAThIX UCIOJIb3YIOTCs cjioBocodeTanusi Phaseless Reconstruction,
Phase Retrieval. Copmyaupyem 3a1a1dy BOCCTAHOBJIEHHS KaK 3a/a49y O CBOWCTBE CHCTEMbI U3~

MepuTe/JIbHbIX BEKTOPOB.

Omnpegnenenne 1. Ha6op sektopos ® = {p;}¥ | 8 RY (um CP) poccranasmpaer 1mo Moty s
uzmepenuit (BMIN), ecin s mobbix x,y € RP (wm CP) raxux, uro |(x, p;)| = [{y, ¢i)| nia
Beex 1 = 1,..., N, umeem x = ¢y, rjie ¢ = 1 aua RP (u ¢ € T pna CP),

Pabora nomepxkana rpaarom Poccuiickoro mayunoro donga (mpoexkt Ne 22-21-20024) u BbIIOJIHEHA B PaM-
KaX peain3aluy IporpamMMbl pa3BuTus HaydHo-o0pa30BaTe bHONO0 MaTEMATHIECKOro mnenTpa lIpuBosrkckoro
dbenepasbHoro okpyra (corsamenue Ne 075-02-2022-882).

(© 2023 .M. N36skos, C.4. Hosukos
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DTO onpejie/ieHne MOXKeT ObITH C(HOPMYTUPOBAHO KAK CBOMCTBO MHbHEKTUBHOCTH HEJIMHEN-

HOT'O OllepaTopa

A:HP/T = RY, (A))(n) = |(x,0)|*, n=1,...,N.

1. 3a,1:|;aqa O MAUHNMAJIbBHOM KOJIMY9EeCTBEe U3MEPUTEJIbHbIX BEKTOPOB

IlepBas 3agada. Kakoso munnmanbioe KoiandecrBo N = N(D) u3MepUTEIbHBIX BEK-
N . D
TOpoB {(; };=, obmanaromux ceoitcreom (BMU) B H”?
OTBer Ha 3TOT BOIPOC U3BECTEH [IJI BEIIECTBEHHOI'O IIPOCTPAHCTBa, OH OCHOBAH Ha CBOi-

CTBEC aﬂbTepHaTI/IBHOﬁ IIOJIHOTHEI.

Omnpenenenne 2. Ha6op sextopos ® = {0, }_, B HP obnagaer cBoiicTBOM ajibTepHATHBHOI
nostaorhl (All), ecom jyrst kaxtoro moamuoxkectsa ' C {1,..., N} 1o kpaiineit Mepe 0JlHO u3

MHOKECTB { Py fner wimn {¢y, }nere nommo B HP.

B aHrIosa3bvHbIX CTAThIX UCIOIL3YIOT TepMuH ‘complement property”.

B npocrpancree RP cpoiicra (BMU) u (All) sKBUBajICHTHDL.

Teopema 3 ([1]). Habop sexmopos ® = {p;}Y., 6 RP soccmanasausaem no modyaam usme-

peruti moz2da U moavko moada, Ko2da on 0baadaem ce0TUCMEOM AALMEPHAMUBHOT NOAHOMDL.

Jlokasamenvcmeo. (=) Ipeamonoxum, aro ® ¢ (AIl), 1.e. cymecrsyer T C {1,..., N} Takoe,
910 { P bner U {©@n fnere He noubl B RP. Buibupaem jipa nenysesbix sekropa u, v € RP rak,
9100bI (U, ,) = 0 msg Becex n € T, a (v, p,) = 0 mis Becex n € TC.

JList TpOM3BOILHOTO 1 UMEEM

(v, ) * = [, 0n)[* £ 200, 00) (v, 0n) + (v, 00) [ = [0, 00) " + [{v, 00) "

Orciona |[(u + v, ¢,)|*> = [(u — v, ,)]? ana Beex n, 1 A(u+ v) = A(u — v). Tak Kak
BEKTOPBI U ¥ V OTJIMYHBI OT HYJIEBOrO, U+ V # +(u — v). 1o o3nauaer, 1aro omneparop A me
SIBJIAETCS UHHEKTUBHBIM.

(<) Ipemnonoxum, aro oneparop A He sBIAETCS WHBEKTHBHBIM. DTO O3HAUAET CYIIle-
cTBOBaHme BeKTOpoB X,y € RP  rmakux, urto x#+y u A(x)=A(y). OGoznaunm
T :={n:(x,0n) = —(y,n)}-

[Mosyuaem, aro (X +y,p,) = 0 st Beex n € T, a (X —y,¢,) = 0 qs Becex n € T¢.
[To npennosnoxkennio x # +y, mosromy x +y # 0 u x —y # 0. Takum obpazom, {¢nner 1

{0 bnere He ommb B RP. O

U3 Teopembr 3 cpazy cieayer N(D) > 2D — 1 8 RP. C apyroit croponb, MaTpuisl Ban-
JIEPMOH/Ta TO3BOJISIIOT CTPOUThH cucteMbl BekTopos ® = {¢;}Y | B RY ¢ nosmmbiv ciapkom jiist
jgioboro N > D. HamomuaumMm, 9to cnapkxom cucrembl P HasbIiBaeTCss HauMeHbIIee KOJUIECTBO
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JINHEITHO 3aBHCUMBIX BEKTOPOB 3TON cucTeMbl. MOXKHO olpeesuTsb 9T0 9ucjI0 (POPMAJILHO, ec-
JIM PacIooKUTL BeKTOphl {¢;}Y | B Buge crobnos D x N-marpuipl @, 1 BOCHOIB30BATHCH
obosHaveHneM ||X||o /1 KomaecTBa HEHYJIEBBIX KOOD/MHAT BEKTODA X.

IIpu Takom moaxome

spark(®) = min {||x[o : x € R¥ \ {0} raxue, uro Px=0}.

Hns cucrem ¢ nosjubiM cnapkoM spark (@) = D + 1, 1.e. kaxjasa nojacucrema u3 D
BEKTOPOB crucTeMbl ® cocTonT M3 JIMHEHHO HE3aBUCUMBIX BEKTOPOB.

Taxum obpasom, 11t RP umeer mecro pasencrso N(D) = 2D — 1, nputem 3T0 paBeHCTBO
peaim3yercst Ha CHCTeMax C MOJIHBIM CIAPKOM M TOJBKO HA HUX.

B [2| npusenen unrepecslii npumep Habopa BekTopos ® = {p;}7_ | B R3, ne ynosierso-
pstrortiero cgoitcrey (BMI). Ou npesicraiier crobaMu MaTPHUIIbI

1 1 2
d=1| 2 -1 1 —1
3 1 1

Marpuna ® mosiHOrO panra, ojJHAKO OHa He yjoBjieTBopsier cBoiictBy (AIl), Tak Kak Tperwii
CTOJIOEIN SBJISIETCsT CyMMOIi TIepBBIX JiByX crosionos. Ecim T = {1,2,3}, 10 Kak 1, ps, @3, Tax

¥ (4, 5, He noyabl B R, I Bektopor x = (1,1,9)  ny = (19,7, —21)" nonyuaem
Ax = Ay = (900,81, 1521, 144, 100)

U IIPU 9TOM X # 1Y.

B mpocrpancrse CP anbrepnarupras MOIHOTa ABIASTCA JIHIIL HEOOXOIIMBIM YCIOBHEM
UHBEKTUBHOCTH oneparopa A. Dror dakT norpeboBa OTIebHOr0 JIoKa3aTebeTsa |3, 4], Tak
KaK HeIOCPEJICTBEHHO [TOBTOPUTH €r0 U3 TEOPEMBI 3 He yJIaeTCs.

leficTBUTEIHLHO, 119 KOMILIEKCHOTO TIOJIS PABEHCTBO T€OPEMBI 3 IPUHUMAET BU/I

(v, 00)[* = [, 0) " £ 2Re(w, @) (v, @n) + (v, 0a)[* = [0, 0n)[* + [(v, 0n) .

B mpoBesieHHOM JTOKa3aTeIbCTBE TeOPEMbl 3 OBLIO MOKa3aHO, UTO oTpunanue coiicTBa (All)
npuBoANT K paBeHcTBY A(u+v) = A(u—v) u npu sToM u+ Vv # £(u— V), 9T0 IPOTHBOPEIUT
unbekrusnoctn A wa RM /{+1}. Omnako A(u + v) = A(i(u — v)), XOTst BEKTOPHI U + V 1
i(u — V) IpuHaJIeKaT pasHbIM KJaccaM 3KBuBajenTHOCTH TpocTpanctsa CP/T.

B [3| mpuBesen npocToii mpuMep, MOKa3bIBAIOIINT, 9TO YCIOBHE AJIbTEPHATHBHOI IOJTHOTHI
He sB/sgeTcs joctatounbiM g (BMU) B CP.

Jocrarouno pacemorpersb BekTopsl (1,0), (0,1) u (1,1) B C?. Onu yaosaersopstior (ATT),
o A((1,2)) = (1,1,2) = A((1; —2)), xors (1,2) # (1, —2) mod T; Gosee Toro, BEKTOPHI ¢ Belre-
CTBEHHBIMH KOOPIUHATAMEI BOOOIE HEe MOTYT JaBaTh HHLEKTUBHBIC U3MEPEHUs B KOMILIEKCHOM

IIPOCTPaHCTBE, TaK KaK OHN HE Pa3/IM9al0OT BEKTOPbI C KOMIIJIEKCHO COIIPAXKEHHBIMH KOOP/INHAa-
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TaMU.
Jlns xpurepus csoiictsa (BMU) B npocrpancrse CP B [3] 6611 pazpaboran MeTo1 “miorh-
ema dasw’” (Phase Lift), kpaTkoe onucanne KOTOPOro MPUBOIUTCS HUKE.

Ompenenserca  eewecmeennoe D?-meproe mpocrpancTso HPXP  camoconpszkeHHbIX

N

D x D-marpun. [dns nabopa BekTOpoB {¢; =1 C CP BBomuTCa onepamop cynep-anasusa

A HP*D RN .
(AH)(j) = (H, 05%}) g+

riae (-, yys — ckangpuoe npoussenenne ['mibbepra—IlIvuara (H, G)Yys = tr[G*H|, koropoe

UHIyIUpyeT MaTpudnyio Hopmy Ppobdennyca

D 2
1H = D [yl

ij=1

BameruM, 9T0 A SIBJISIETCS JTHHEHHBIM OIEePATOPOM U

(Axx®) (§) = (xX", 0;0]) s = tr [0j05%x"] = tr [p]xx"9;| = ixx"; = |(x,9,)° = A(x)(j).

Taxum obpazom, x mod T “nogauMaeTcd” J10 XX*, 9TO O3BOJIAET JTUHEAPU30BATH OllePa-

Top A 3a cUeT yBeJmdIeHNsa Pa3MEpHOCTH ITPOCTPAHCTBA-00IACTH ONPEeIeIeHHSI.

Teopema 4 ([3]). Onepamop A ne asaaemes unsexmuenom < 3 mampuya panea 1 uaiu 2 6
Adpe onepamopa A.

Jlokasameavcmeso. (=) Ecmam omeparop A He sIBIsSIeTCS MHBEKTUBHBIM, TO
Ix#yeCP/T: Ax) = Aly) & Axx* = Ayy* = xx"—yy" € kerA.

ILOKaBaTe.HbCTBO J0CTaTOYHOCTH 3HAYUTEJIbHO CJIO2KHEE U 31€Chb HE€ IIPUBOJIUTCA. ]

HpI/IBe,ILeM enre OJJHO JOKa3aTe/JIbCTBO HeO6XOﬂHMOCTH TEeOPEMbI 3, KOTOpoOe OBLIIO IIOJIy9€HO

3HaYUTEJIbHO IIO32KE [4], OHO OXBaTbIBa€T W BEIIECTBEHHOE, 1 KOMIIJIEKCHOEC IIPOCTPaHCTBO.

Joxazamenvcmeo. Cradana samernm, uto ecin ® = {¢, }N_ | € (BMIN), To span({y,}_,) = HP.
B nporuBHOM ciiyuae cymectsyer X # 0, (x,¢,) =0, n=1,..., N,

|(x,0n)| = [(0,¢n)| =0, n=1,..., N,

9YTO HECOBMECTHMO C MHBEKTHBHOCTLIO oneparopa A.

[peamonoxum, aro & ¢ (AIl). Baoss Beibupaem muozkecrBo usjekcos ' C {1,..., N}
TaK, 9T0 {Pn fner U {@n }nerc He nomnst B HP. 3arem Buibupaem jisa sekropa ||x| = 1 = ||y]|
Tax, 9To XLy, qan € T uyLy, qan € TC. Torma

(x+y, 00| ={x—y,00), n=1,...,N.
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Tak kak ¢ € (BMU), 1o cymecrByer || =1 takoe, uro Xx+y =0(x—y), wm
(1-0)x=—(1+0)y.

Ecmm 6 =1, oy =0; ecitu § = —1, To x = 0, 9T0 IPOTUBOPEYIUT BBHIOOPY BEKTOPOB.

Ecmu 0 # +1, 10

1+6
X=———"y:=ay (1)

ca#0.

Hamnee, ecm n € T, to (X,0,) = 0, a B cuny (1) u (y,¢,) = 0. C npyroii cropoHsI,
{y,on) = 0 ama moboro n € TC. Taxum obpasom, {y,p,) = 0 mis moboro n u ||y|| = 1, T.e.
nabop {p,}Y_, ne apngerca nomupivm B HP | uTo IpOTHBOPEYUT MEpBOMY 3aMEUaHUIO JAHHOTO

JO0Ka3aTe/JIbCTBa. Anasiornunas cUTyallid IMeeT MEeCTO IJIsd N € TC.

[]

[Toucku ymobuoro s npuioxkenuii kpurepus csoiicrsa (BMI) B KommiekcHoM 1po-
CTPAHCTBE MPOJIOJIZKAIOTC.
Yro uzsectno o uuciae N (D) B npocrpancrse CP?
1) Hys mo6oro D > 2 mmeem N(D) < 4D — 4 (em. [5]).
2) Eciu D = 2% + 1 ays narypassnoro k, ro N(D) = 4D — 4 (cm. [6]).
3) C.Vinzant [7] 8 C* mamuia oquunaauaTh BeKTOpoB, obecneunsatomux (BMI). Do,
BUJIMIMO, €JIMHCTBEHHBIN TTpuMep Habopa BeKTOpoB ¢ N < 4D — 4, obecrieunBaroIiero
(BMIT).
Kpome onpenenenus amcaa N(D) Bemyres noumcku wnciaa N (D) Takoro, 9rto eciu
N < N(D), to nu odun curnan x € CP ne moxker 6bITh 01HO3HAYHO BOCCTaHOBJEH (C TOYHO-
CTBIO JI0 YHUMO/LYJISIPHOIO MHOXKHTeJst) 1o Habopy {[(x,¢1)|, ..., |[(x,¢n)|}, T e. misa moboro
x € CP naitniercst y € CP| x # hy nu jayia kakoro h € T, u [(x, )| = [{y,on)|, n=1,..., N.
B [8] nokazano, uro N'(D) > 4D — 4 — 2s9(D — 1), rae so(D — 1) obo3HaIaeT KOJIUIECTBO
eJINHUI] B JIBONIHOM Tpejcrapiennn ducia D — 1. {na D = 4 nonyaaem N (4) > 8, ocraBisis

BO3MOYKHOCTH yMeHbIaTh uncyio 11 B npumepe C. Vinzant.

2. Ba,qaqa O MMHMMAaAJIbHOM KOJIM4YeCTBE BOCCTaHaBJ/IMBaAIOIIUX ITOAIIPO-

CTPaHCTB

HekoTopblie nmpuk/iajabie 3aja9u MOTPEOOBAM UCCJICIOBAHNUS BO3MOXKHOCTH BOCCTAHOB-
JIEHUSI CATHAJI& 110 HOPMAaM €ero MpOeKIni Ha MOJIIIPOCTPAHCTBA, HAIIPUMED, N3BECTHAS B KPH-

crayiorpadpun mpobsema 6sm3Henos (twinning problem).

" N D
Omnpepestenne 5. Cewmeiicrso nogupocrpancts {W;} ;=1 B H” ¢ coorBeTcTBYOMMMEI OPTOIPO-
N
extopamu { P };2, 6occmanasaucaem no nopmam npoexmopos (BHII), ecim jijig NpOU3BO/ILHBIX
x, y € HP rakux, uro ||Pjx| = ||Pjy| aist Beex j = 1,..., N, umeeM X = cy Jijisi HEKOTOPOTO
le| = 1.



TpI/I 3aJladu BOCCTaAHOBJICHUS CHUI'HaJla-BEKTOopa 29

N

Bropas zanava. Kakopo munumanmbnoe wucio N = N(D) nommpocrpancrs {W; 1L,

obecrieuunsatonx (BHIT) B HEP?

YacTuunbie OTBETHI Ha, 9TOT BOIIPOC IIOJIYYEHDBI JIJIg BEIMECTBEHHOI'O IIPOCTPaHCTBa RD.

Teopema 6 ([9]). Jas ar060z0 nabopa wucenl <r; < D—1, j=1,2,...,2D—1, cywecmsyrom

2D-1 8 RD

nodnpocmpancmea {W; 2, , obecnevusarowjue (BHIT), npuvem dim W; = r;.

Crnenosarensio, 8 RP N(D) < 2D — 1. Ocrapajicss BOIpoc 0 TOYHOCTH 3Toit onenku. Ha

IIyTH PeIeHns 3TON 3a/1a9n ObLIN TOJIyYeHBI CIIeYIONIIe PE3YIbTATHI.

Teopema 7 ([9]). ycmo {Wj}j-v:l — nodnpocmpancmea 6 RP. Caedyrowue ymeeporcdenus
IKGUBANCHIHDL:

1) nodnpocmpancmea {W;}1L, obecnevusarom (BHIT);

2) npu mobom evibope OHB {uji}fil nodnpocmparcmea {W;}, sexmopo {uﬂ}j\]:f]zzl obec-
nevwusarom (BMH).

Teopema 8 ([6]). [Tycmw {V[/J};V:l — nodnpocmparcmea RP ¢ coomeememeyrowyumu opmonpo-
EXMOPAMU {P]}j\[:1 Caedyrowsue YymeepiHcoeHus IKEUBANECHMHDL:
1) nodnpocmpancmea {W;}IL, obecnevusarom (BHIT);

2) daa mobozo 0 +#x € RP  cemeticmeo eexmopos {ij};vzl nomo 6 RP. m.e.
span ({Pj x}j.\;) =RP.

Jlokasameavcmeo. (=) Ilpennosnozxkum cymecrsoBanue X, ||x|| = 1, Takoro, 4ro cemeiicTBO BeK-

topos { P; x} ue nosno. Haitnercsa sekrop ||y|| = 1 takoit, uro y_Lspan ({PJ x}j.\;) . Nveem
0=y, Pjx) = (y,P/x) = (Pjy, Px), j=1,...,N.
ITo Teopeme Iucdaropa g Kaxkaoro j
1P+ y)II* = I Bxl* + 1Py [1* = 1175 (x = y)II*.

Opnako x +y # x —y u {P;})L, ne obecnedausaer (BHII).
(«) Hpeamomnoxum, uTo cemeiictso mommpocrpancts { W}, me obecreunsaer (BHIT).
ITo Teopeme 7 maiigyrces taknue OHB {uji}fil B {W;} u Taxkoe MuokecTBO HHEKCOB T, 9TO 002

nosuozkecTBa {Wwj; } i jyer 1 {Wi tijerc He nommer B RP. BeiGepenm 0 # x L span({u;i} ¢ jer)-
Torma P;x € span({w;}; jerc) Vj = 1,..., N u span ({Px}Y ) # RP. O

B [10] moctpoeno 6 = 2 - 4 — 2 1ByMepHBIX IIOAIPOCTPAHCTB IpocTpancTia R, obecreun-
satonx (BHIT).

Hamnpreiimee ymenbierne ncia N(D) HEBO3MOXKHO, KaK MOKA3bIBAECT

Teopema 9 ([11]). B npocmpancmee RP N(D) > 2D — 2.
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Joxasameavcmeo. Tlokaxkem, uro mis (BHIT) B RP rpebyerca ne menee 2D — 2 eunepnaoc-
wocmeti. IIpeanonoxkum, uro Bosmoxkuo (BHII) ¢ N < 2D — 3 runepmiockoctamu { W, Y.
Boeibepem BekTop 0 # X € ﬂf;an TaK, 91006l P,x = x g n = 1,2,..., D — 1. Ilocmor-
puM Ha cemeiictBo BekTopos { P, x}Y | = {x}U{P,x}_,. O6mmee kojm1ecTBO TAKUX BEKTOPOB
<1+ 2D -3)—(D—-1) =D —1, rax uro {P,x}¥_| ne nonmo 8 R”, uro nuporusopeunr
Teopeme 8. MozKHO T10Ka3aTh, 9TO J/Is KazKI0ro cemeiictsa nompoctpancts { W, }Y_ | soccra-
HaBJIMBAIOIINX 110 HOpMaM HpoekTopos B RP | maiijyres runepriockoctn W/ D W, KoTopblie

TaKKe BOCCTaHABJIMBAIOT 110 HOpMaM IpoekTopoB. CiemoBarensno, N > 2D — 2. O

Hewussectno, nj1a kKakux pasmepHocteit D HaiijenHoe 3nadenne 21) — 2 peaju3yercd.

Haunmenbinee kKommdectso nosupocrpancts s (BHIT) B CP nenssecrho.

3. BoccranoBjieHre o MOy ISM M3MEPEHUil W IT0 HOpMaM ITPOEKTOPOB

B BeIlleCTBEHHOM (>

3a 1ocsieiHIe HECKOJIBKO JIeT ToBUIUCD JiBe paborsl [12,13] o (BMU) u (BHII) B 6ecko-
HEYHOMEPHOM TIPOCTPaHCTEe (2.

Jlastee BCIOTy TTPOCTPAHCTBO {5 MIPEJIITOIATAETCS BEIeCTBEHHBIM.

Onpepnenenne 10. CemeiictBo BekTopoB ¢ = {;},c; ocymmecTBiIsier soccmanosaenue no mo-
dyaam usmepenuti (BMU ), ecin paBeHcTBa

(05, x)| = [(p;,¥)| st Beex 7,

IS TIPOU3BOJILHBIX X,y € (2 0becrevunBaoT paBeHcTBo X = +y.
CewmefictBo opronpoekTopos {P;}jcs B (* 6occmanasiusaem no Hopmam npoekmopos
(BHII), eciiu paBeHCTBA
1Px] = | Pyl s scex

JIJIsT TIPOU3BOJIBHBIX X,y € {5 0becredanBaioT paBeHCTBO X = 1.

HOJIy‘{eHLI aHaJIOTU KOHEIYHOMEPHDBIX PE3YyJIbTaTOB.

Ounpenenenne 11. HaGop Bektopos ® = {¢;}°° | B (? obsasaer CBOACTBOM aAbmepHamueHol

noanomuo, (AII), ecin pst kazkgoro T C N 6o span{g;}jer = €2, mubo span{p; };erc = 2.
Ha 6eckonedrHOMEpHOM MPOCTPAHCTBE UMEIOT MECTO aHAJOTH TEOPEMbBI 3 U TEOPEMBI 8.
Teopema 12 ([13]). ® € (BMHU) 6 ly < ¢ € (AIl).

Teopema 13 ([12]). ITpoexmopw, {P;}jcs na (* obecnevusarom (BHIT) < span ({P;x}) = (2
V0 #x € (>

[ToBTOpsIsE paccyKaeHnd J0Ka3aTeJILCTBA TEOPEMBI 8, IOy IUM
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Caencrsue 14. Cemeiicrso npoekTopos {P;}32, Ha (* ne obecneunsaer (BHII) < 3 x,y € (2,
|x|| = |ly|| = 1 raxue, uro PjxLP;y Vj.

Onpenenenne 15. IocienoBarensuocts {1, };’;’1 B rmwyibbepToBOM mpocTpanctBe H HazbiBa-
eTcs nocaedosamenvhocmuvro Pucca, eciu cymecrByor KoHcTanThl 0 < A < B < 0o Takue, 910

S [e.9]
15 JTI000# TIOCTeIOBATETbHOCTH CKAAPOB {a;}32, UMEIOT MECTO HepaBeHCTBa

oo 2 oo
A ail? < < B> |ail’.
j=1 j=1

oo
> asi;
j=1

Ecmm span ({1;}) = H, To {¢;}32, naspisaerca 6asucom Pucca.

Tenepb MOXKHO HepeiiT K (pOPMYJIUPOBKE TPETheil 3a/1auu.

B |9] nokazano, uro B RY cymecrsytor Takue jqpa OHB, o6bemuHas KOTOpbIe, MOXKHO
HOJIy9UTh cucTeMy, obecriednsatontyio (BMN).

Tperbs 3amava. Cymectsyior 1 B {2 dea Gasuca Pucca, o6beunsas KOTOPBIE, MOYKHO
HOJIy4uTh cucTeMy, obecreunsatonyo (BMI)?

B [12] naitsieno mpu nocyeposarenbnoctn Pucca B €2, obbeuHenne KOTOPBIX obecetn-
Baer (BMU).
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Bokpyr paspbsiBHOCTU 1TpoeKTopa Pucca B paBHOMepHOii
MeTPUKe

C.B. Kucgkosn

Annortarusi. PassepHyTas 3anuch JIEKIUH, TPOIUTAHHON aBTOPOM Ha, KOH(MEPEH-
uu “KOMIIJIEKCHBII aHaIn3 U CMeXKHbIe 1IpobJieMbl’”, porresieii ¢ 29 uioHs 1o 4
utoJisi B Kazanu. Jlekius Oblita rocBsinena rutorese [mkcoepra u poJICTBEHHOMY,
HO HE3aBUCUMOMY OT Hee YTBEPKICHUIO O HE3AMKHYTOCTH CYMM HEKOTOPBIX HJIe-
aJTOB B PABHOMEpHBLIX ajrebpax. HacToarmuit TeKCT COMEpKUT HECKOJIBKO HOBBIX

GOpPMYIUPOBOK B CPABHEHWH C JIEKIIMEH 1 MMEIOIIecs TuTepaTypoii.

Kuarouesbie ciaoBa: mpoektop Pucca, runoresa Iyimkcbepra, He3aMKHYTBIE CYyM-

MbI, Tapbl Xapau—/lebera.

1. Uctopus

I[TpoekropoM Pucca HazbiBaeTcst OPTOroHAIBHBII MpoekTop npoctpanctia L2 = L2(T, m)
Ha 1pocTpancTBo Xapau H? (31ech u gajee m — HopMuUpoBaHHas Mepa Jlebera Ha eJIMHUIHOI

okpyzxkHoctu T B KoMILIeKcHOIT ttockoctn). Hamomuanm, aro

HY ={fel’: f(n)=0, n<0} upu1<p< oo,
Ca={feC(T): f(n)=0, n<O0}

[Tpocrpancrso C 4 IPUHATO HA3BIBATDH JUCK-aarebpoii. XopoIo U3BeCcTHO, 94To poeKkTop Pucca
nenpepbiBeH B LP npu 1 < p < 00, ojHako on paspeisen B L', L% u B C(T). B nambueiimem

MBI COCPEIOTOMIMCST Ha, PABHOMEDHOI MeTPHKe, OCTaBHUB L!'-MeTpHKy HECKOIBKO B CTOPOHE.

1.1. HEIIPEPBIBHBIX IIPOEKTOPOB HA ANCK-AJITEBPY HE CYIIECTBVYET. ITo 3TOMY
MOBOJLY TIPUHSITO CChLIaThes Ha pabory B.Pymauna [1], B KoTopoit on 3amerni, uto ecian () —

Kakoii-HuOy b HenpepbiBHblil mpoekTop u3 C'(T) Ha quck-anrebpy, 1o dopmyiia
Q1) = [ CQs0m(c) (1)
T

sajiaet HenpepbiBHBI 1poekTop u3 C'(T) #a C4, KOMMYTHDPYIOIIHIIT ¢ TOBOPOTAME OKPYZKHOCTH.

Torma 9TOT yCpemgHEeHHBIH MPOEKTOP () JI0JKeH ObLT OBl COBIACTH C IpoeKTopoM Pucca, HO
MOCJIEJIHUN Pa3pbIBEH.

(© 2023 C.B.Kucnskos
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Pazymeercst, aHaIOru9IHBII TpUEM IPUMEHUM K IIPOEKTOPAaM Ha, JI000e O IIPOCTPAHCTBO,
MHBApUAHTHOE OTHOCHUTE/ILHO CIBHUIOB, B JIIOOOM Pa3yMHOM IIPOCTPAHCTBE (PYHKIUI Ha KOM-
HaKTHOU TOIIOJOIMYECKON rpyulie.

OJiHaKo cJieflyer cKa3arh, 4TO BO BTOpOi mosioBuHe 40-X TOJOB JIBAIIATOrO BeKa (T. e.
3a710sir0 710 paborsl B. Pynuna) Jlosuuckum n Xaprmia/ze ObLIO J0Ka3aHO (Cpeiu Mpovero),
aro HopMma Jiioboro npoekropa uz C(T) ua npoctpancrso span {27: |j| < n} rpuronomerpude-
CKUX TIOJIMHOMOB CTETIeHN He BBIIIIE 1 He MOYKeT OBbITh MEHbIIe, YeM ¢ log n, rie mocTosiHHAS ¢ He
saBucuT 0T n. Pazymeercst, hbopmyna (1) cpa3y maer KoHcTaHThI Jlebera Jijist TPUrOHOMETpUYe-
CKOIl CHCTeMBI B KauecTBe HeyaydiraeMoit MunopanThl. [lonpobro paccy:kpenns Jlozunckoro u
Xaprmmai3e ObLIH OMICAHBI, HOZKAJTYI, TOIBKO B MOHOrpaduu |2, npuioxenue 3|. Pazymeercs,

TaM TOXKE MPUCYTCTBYET YCPEJHEHUE 110 OKPYKHOCTHU, HO JIAJIEKO He B TOH scHoil (popMme, Kak

B (1).

1.2. TUNIOTE3A IUVIMKCBEPTA. Yepes jBa roja nocie nosiierus crarbu B. Pymuna [1],
U. Tnukcbepr B [3| BbIcKazaa runoresy o TOM, YTO HUKaKas 3aMKHYTas HECAMOCONPsI?KEeHHAs
noznasrebpa B npocrpancte C'(K) HenpepblBHBIX (DYHKIHN Ha KOMIakTe K He MOXKET OBITH
nonostHsteMbIM nonpoctpancTBoM B C(K). On moka3ai 910 yTBepXK/IeHHe B ciydae, Korjga K
— KOMITAKTHas TPYyIIa, a ajredpa, 0 KOTOPO MIeT pedb, MHBAPUAHTHA OTHOCUTEIHLHO CJIBUTOB.
[Tomumo ycpeanenus V. IyinkcOepr ucroib30Ball erie HeCKOJIbKO OCTPOYMHBIX COOOparKeHuit, HO
6e3 rpyIIoBoOil CTPYKTYPhI €0 MeTOIbI He paboraioT. [1o3zke MbI puBeIeM 0000IIEeHnEe OHOIO
U3 ero pPe3yabTaToB B KavuecTBe IpUMepa.

Bamernm, uro eciau 3aMKHyTas mnojanrebpa A B npocrpancrse C'(K) pasmessier TOUKH
(dero B m3yvaeMbIX BOIIPOCAX BCErJla MOXKHO J0OHTHCs), To o TeopeMe Croyna—Beiieprirpaca
OHa CaMOCOIMPSIZKEHHAsI TOIJIa M TOJBKO TOrja, Korja cosnajaer jqnbo ¢ C(K), mmbo ¢ mpo-
CTpaHCTBOM (QPYHKIINI, OOpAIIaioNuXcsa B HyJIb B (DUKCUPOBAHHON TOYKE; a 3HAYUT, IIPOEKTOP
Ha Hee 3 C'(K) cyrmecTByeT TpuBHATBHBIM 00pa3oM. VIHBIMEU CJIOBaMHU, yCIOBHE HECAMOCOIIPSI-
JKeHHOCTH B BBICKA3aHHON TMIIOTE3€ eCTECTBEHHO.

Cunoresa [imukcbepra Gblia j1oka3aHa aBTopoM B [4]; eM. Takke 0630pHYyIO cTarbio [5)].

1.3. IIoa MHBIM YIJIOM 3PEHUS. Brpenb ueproit Ha i CHMBOJIOM MbI OyJjieM 0003HAYATH
KOMILJIEKCHOE COIpsizkKeHre. Bo3Bpalnasch K Hadaly, 3aMeTHM, YTO Pa3pPbIBHOCTb ITPOEKTOPA

Pucca B paBHOMEpHOII METPUKE B TOYHOCTH O3HAYAET, YTO CyMMbI
204+Cy n zH>+ H®

(nmm Jir06ast U3 HUX B OTAEIBbHOCTH) He 3aMKHYTHI B L°°. [lo Texanyeckum npuansam B pabore
[6] BosHEK Bompoc 0 cymMmax QH> + H>™, rne # — BuyTpennss QyHKIM, T.e. DYHKIHS 13
H®°, y KoTopoil rpaHuvHble 3HAYCHUS MOYTU BCIOJy UMEIOT MOJYJb 1. YBUJIETH, 9TO W ITA
CyMMa He 3aMKHYyTa, OYeHb JIETKO, OJHAKO MCTOPHUS C TUnoTe3oil [mkcOepra mo/icKa3bIBaeT,
YTO U 371eCh JIOJIZKHBI ObITH 0000IIEeHNsI, CHOBA CBS3aHHBIE ¢ HECAMOCOIPSIYKEHHOCTHIO. TaK OHO

I OKa3aJI0Ch — B TOIl 2Ke pabore [6] 6bLIO ycTaHOBIIEHO, YTO ecian A — 3aMKHyTas HoJaaredpa
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B C(K), a I} u I, — ungeams B neit, npuaem I, NI, ¢ I, To cymma I + I, He 3aMKHyTa B
C(K). Pasymeercsi, 970 yTBep:KJEHUE MOKPBIBAET BCE YHOMSHYTBIE TOJBKO UTO IPUMEDPHI: B
caydae aareopol L™ u ee mojgaaredp MbI BO3BPAIIAEMCs K HEIIPEPBIBHBIM (DYHKITUSIM, TTepei I
K IIPOCTPAHCTBY MAKCUMAJIbHBIX MJI€AJIOB 9TOM ajaredphl.

VTBep:KIeHHS PO HE3aAMKHYThIE CyMMbI 1 ITIPO HEJIOIOIHIEMbIE aIredphbl B OOIIEM CIydae

(BUAMMO) He CBOIATCS JAPYT K JIPYTY, XOTS TEXHUIECKH UX JOKA3aTe]bCTBA OJIU3KN.

2. PesynbTaThbl

ABTOp paccMaTpuBas IPOYUTAHHYIO JIEKIIUIO U STOT TEKCT B TOM YHUCJIE€ KaK MTOBOJ JIJIs
HeOOJIBITNION peBu3nn MaTepuasa. OKazajaoch, 9TO PEeBU3US BO3MOXKHA: MOJIYyJalOTCs Oojiee 00-
e yTBEPK/ICHUsI, XOTs UCIOJIb3YeMbIil ammapar modtu He MeHsiercs. OmmimeM 310. Y100HO
Oy/eT BBIJIETNTH HEKOE CBOMCTBO, HA KOTOPOM OCHOBAHO JIOKa3aTeIbCTBO, a IOTOM PAaCCMOTPETH
HECKOJIbKO CHUTYAIIWii, KOT/Ia OHO BBHIMIOJIHEHO. [71TaBHOE OoT/Imdme OT TOro, 4TO OBLJIO paHbIIe, —
BO3MOYKHOCTH OXBATHTH JOBOJILHO 3HAYUTEHHBII HAOOD MOAIIPOCTPAHCTB, HE SBJIAIONINXCS aJl-
rebpamu. Takoe, Biupouem, 6610 y2ke y U. Iimukcbepra B (3|, B ero mpumepe Jijisi KOMITAKTHO
abesieBoit rpymmbl (cM. 1. 2.3.3 HIKE).

B cratee aBropa [4], Kpome HemomOIHIEMOCTH, OBLIO YCTAHOBJIEHO, YTO HACAMOCOIDSI-
ennble nogaaredpsl B C'(K) cuibHO He noxoxku Ha npocrpancTsa C(K) Mo HEKOTOPBIM CBO-
UM JITHEITHO-TOOJIOTUYEeCKUM CBOMCTBAM. 3/I€Ch MBI TOYKE KOCHEMCS 9TOr0, HO OIPAHHYHMCH
TOJIBKO OJIHMM M3 TAKUX CBONCTB: HAIK MOJAJIT€OPHI MU TOIPOCTPAHCTBA OKAXKYTCs HE U30-
MopdHBIME HEKaKOMY (akTop-ipoctpancTBy mpocrpancta tuna C(S). Ilo mosomy apyrux
YTBEPK/IEHN!T B TOM JKe JlyXe CM. KPaTKWil KOMMEHTapwii B KOHIle 1. 3.1. ByayT BK/IIOUYeHBI

TaKzKe HEKOTOPbIE YTBEep:KIeHus, Kacaonmecs L-meTpuku (BMecTo paBHOMEPHOI ).

2.1. MECTO AEUCTBUSA. [lycts K — xaycuopdoB KoMIakT, a A — 3aMKHyTast 1mojgajaredpa
B [IPOCTPAHCTBE KOMILIEKCHO3HAYHBIX HerpepbiBHbIX dyukimii C(K). B ciaemyomem ompeje-
JICHIH MBI IIBITAEMCSI CMOJEJINPOBATEL CBOMCTBA Mepbl Jlebera m u (PyHKIUU 2 Ha OKPYKHOCTH
(ecsit 6BITH TOYHBIM, TO TIAPHKI (21, 2)). Vcnonb3oBaHne nMeH JIByX MATEMATUKOB JIJIsl CO3/IAHS

TepMUHa He OCHOBAHO HU Ha Y€M, KpOMe OINYIIEHUsI, ITO TaK, IMOXKaJIYii, OyJIeT MpaBUILHO.

Ounpenenienne 1. [lapoit Xapau—Jlebera masa anrebper A HasbiBaercss Begkas napa (p, F),
rie p — (Bcrofy jasiee perysisipaasi OopesieBcKasi) KOMILIEKCHast Mepa Ha K, OpTOroHaJbHAast

anreope A, a pyHKIns F' 1eKUT B 3aMbIKAHIN €IMHITHOIO Iapa MpocTpancTsa A B Tomogornn

oL Ly n [ o0
[Fl=1
YuoMmsiHyTast Bhiiie napa (zm, z) apisiercst napoit Xapau—/lebera jyist JucK-aareOpsi.
O603HaYMB 3aMKHYTbII €MHNIHbI map npoctpanctBa A depes U, ormeruM, 9To dyHK-
nus F ecrob cnabast (a Torja u cuibHast) mpejeibHas Touka muoxkecrsa U B L2(|u]), mostomy
MOXKHO HaiiTu mocsefoBareabHocTh f, € U, cxomsmryocs K F 1. B. otHOCHTE bHO |1|. Tem

cambiM 3aBejiomo |F| <1 |pl|-m. B.
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Kak 06bI9HO, MPOCTPAHCTBO KOMILIEKCHBIX Mep Ha K Oyuem obosnauars yepes M (K).

Ecan E — 3amkryTOe JinneiiHoe mo/mpocrpanctBo B C'(K), moaoxkumM

Et={ve M(K): /fdy—O;LJIHBceXfEE
K

Ounpenesienne 2. [IpocrpancTBo E Ha3bIBaeTCs JOIYyCTUMBIM 15t Tapbl Xapau—/lebera (u, F'),
ecJIM 3aMbIKaHHEe HEKOTOPOTO IMapa V' ¢ IEeHTPOM B HyJIe IIPOCTPAHCTBA [ B *-CJIa00it TOIOJIO-
run nipoctpancTsa L (|p]) copepxut crenenu F* 1 6eCKOHETHOr0 MHOYKECTBA HATYPATbHBIX
ancen ku B -y C AL

2.2. ®OPMYJINPOBKU. OCHOBHBIE TEOPEMBI OYIYT CHOPMYTUPOBAHBI UMEHHO JIJIST JTOIYCTHU-
MBIX TIojiipocTpancTB. Onpeiesienne 2 KayKeTcsi HECKOJIBKO I'POMO3IKIM U He OYeHb €CTeCTBEH-
HBIM, OJHAKO II032Ke€ MbI PACCMOTPHUM IIPUMEPHI, IposcHsomue cutyarnuio. Ceifdac oTMeTuM
TOJIKO, UTO cama ajrebpa A — Bcerja J0mycTUMOe MOANPOCTPAHCTBO. [leiicTBUTE/IBHO, B35B
dyukMn f,, KaK B mpeamnocieaHeM adp3are 1. 2.1, BUamM, ITo li_)m ff = Fk |pe|-11. B. st Beex
n—oo

HATypaJbHBIX k (CIe0BaTe/IbHO, MMeeT MeCTO U cjiabas CXOAUMOCTb B Hy’KHOM CMBICJIE), B TO
BpeMsl Kak crerienn f* jexkar B equananoM mmape U anre6psr A.

Haunem ¢ obmmx popMyInpoBoK.

®urcupyem anrebpy A C C(K) u mapy Xapau—Jlebera (i, F') nst nee. I'oBops masee o

JOIIYCTUMBIX IIOAIIPOCTPaHCTBAaX, Mbl UM€EM B BUJ/LY ITY IIapy.

Teopema 3. [Tycmv E — donycmumoe nodnpocmpancmso ¢ C(K). Tozda oro we uzomopgro

daxmop-npocmpancmey npocmpancmea C(S) wu das kaxozo xwomnaxma S.

Paszymeercst, orciona cienyer, uro Her npoekiun u3 C(K) na E.

MozkHO cKazaTh 4TO-TO U npo Ll-merpuky (umm, ckopee, Ipo HEKOTOPBIE TOAIPOCTPAH-
CTBa B IPOCTPAHCTBe Mep). VIMeHHO, 3aMeTHM, 9To IIpH JII060M HaTypaabHoM k Mepa py = F*-
nesxut B A+, Hasosem 3amkmyToe mojmpocrpanctso W npocrpanctsa AL 1-momycruvbiv (417
CTaBUTCA B 4eCTh MeTpuKu Tuma L'), ecii OHO COJIepKUT GECKOHEUHO MHOrO Mep jig. OTMe-
TuM, 9T0 ecau npocrpancTBo F C C(K) nomycrumo, To 3ambikanue MHOKecTBa E - 11 B M (K)

1-momryctumo.

Teopema 4. Huxaxoe 1-donycmumoe npocmparcmeo W ne exaadvisaemcs donoanaemo 6 npo-

cmparcmeo muna L. B wacmnocmu, nem aunetinozo nenpepwicrozo npoexmopa us M(K) na W.

Bmecte ¢ s1io6bIM 1-J101yCTUMBIM TPOCTPAHCTBOM TaKOBBIM K€ OyJIeT, pasyMeeTcst, U ero
sambikauue B tonosorun o(M(K),C(K)). [losromy Teopema 4 jaer u HEKOTOPYIO HOBYIO HH-
dbopmaruto mpo noanpocrpancrea B C(K).

CaenctBue 5. [is moboro 1-mgomycrumoro npocrpancrsa W oero anHyasTop

W, =1 feC(K): /fdl/ZO,ZLJIHBCGXVGW

K
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He SABJIAETCS JIONOTHAeMBIM 1ojipocTparcTBoM B C(K).

Haxownerr, copmymupyem pe3yabTar 0 He3aMKHYTBIX CyMMax. 3/1eCh Ha, ITO/IITPOCTPAHCTBA
HY2KHO HAJIOXKUTH OoJiee cuiibHOe ycioBue. [lycTh, Kak u npexkjie, I — 3aMKHyTasi mojaarebpa
B C(K). ®Qukcarus maper Xap/u—J/lebera Gosbine He mpejmoaraercs (XoTs B JajbHERIIeM
Takasi 1apa Bce paBHO BosHHKHeT). Hazosem 3amknyTOe mosmpocrpanctso F C C(K) cuibHO
qorryctuMbiM, et [ C Fu E-1 C I. Bamerum, aro eciiu dynkims 1 jiexkut B I, TO CymecTByer
TOJILKO OJIHO CHUJIBHO JIOITYCTUMOE IIPOCTPAHCTBO, & UMEHHO, caMa airebpa I. Eciu xe 1 ¢ I,

TO TaKUX ITOJIIPOCTPAHCTB ObIBaCT MHOTI'O; MbI YBUJIUM 39TO ITO32KE.

Teopema 6. Ecau Il ¢ I, a By u By — cuavno donycmumvie nodnpocmpancmesa 6 C(K), mo

cymma By + By ne samxnyma 6 C(K).

2.3. IIPUMEPHI. U3 mpesapiayiiero Marepuasia BUJHO, UTO JIJIA JIOKA3aTE/IbCTBA TUIIOTE3bI
[nukcbepra O6bLIO TOCTATOYHO MOCTPOUTH Hapy Xapau-—Jlebera /s MpoOM3BOJILHON HECAMOCO-
npsizkeHHoi anrebpbl A. Kak BbisicHuioch B [4] (1 Kak MbI CKOPO YBHUIMM 371€Ch), 9TO HE OU€HD
cioxkuo. OHAKO JaBaiiTe 3aifiMeMcst WJLTIOCTPATUBHBIMU IIPUMEPAMU M3 COBCEM JIABHETO BPE-

MeHH, 710 1976 1.

2.3.1. /INCK-AJITEBPA. MpbI yKe Ha3BIBAIU JJIsI 9TOTO CJIydas CTAHIAPTHYIO Mapy XapiIu—
Jlebera — sro (zm, z), Tae m — HOpMupoBaHHas Mepa Jlebera Ha OkpyzKHOCTH. JlomycTHMBIM

6y/eT JI060e TIOIIPOCTPAHCTBO B JMCK-aJredpe, cojeprkaliee GeCKOHeTHO MHOTO CTeleHei ¥,

k e N.

JIT0OOIIBITHO B3IVISTHYTH HA TO, UTO IPOUBOIJIET, €C/id Mbl JJOOABUM OJIHY “TIyCTYIO  mepe-
Mennyio. ITyers K — sto nsymepnsiit Top T2, Yepes z; u 2y 0603HaMIM KOOPIUHATHBIEC (DY HKIINH
Ha HeM. Ilycts A — 3amMKHYTast mHEHas 000/I09Ka HEOTPUTIATETLHBIX TE/IbIX CTereHeil (DyHK-
mun z;. CoOCTBEHHO, 9TO Ta Ke JIMCK-ajredpa, TOJBKO IepecaykeHHasl Ha, JIPYTrOfl KOMIIAKT.
[Tap Xapau—Jlebera Temepb MHOIO, MbI BBIOEPEM Ty, KOTOpas MPUXOIUT U3 OHON IIepeMeH-
HO: (21441, 21), TJE (1 — Mepa m Ha mepBoM MuOKuTesie B pouspesernn T x T. Torga morry-
CTUMBI JTIOOBIe TIO/IpocTpancTBa E, coneprarue GecKoHedHO MHOTO cTerneneit zf ¢ k € N u
YIOBJIETBOPSIONINE YCIOBHUIO f (1,0) = 0 mpu Becex | € Z,. VuBapuanTaocT npocrpasctsa F
OTHOCHTEJIbHO CJBHUI'OB, BOODIIE TOBOPsi, MOXKET U HE OBITh.

Yurare/ b MOXKET IIPU YKeJIAHUU [TOCMOTPETh BHUMATEIbHEN Ha TO, UTO YTBEPZXKIAIOT TEO-
peMbl 3 ¥ 4 IPUMEHUTEILHO K TUM MpUMepaM. DTO, BIPOYEM, JABHO He OTKPOBEHHsI (XOTs,

BEPOSITHO, He HA BCE MOXKHO JIaTh CCBLIKH).

2.3.2. AJITEBPBI AHAJIMTUYECKUX OYHKIINNI. VMmeroTcsa B BULy pasJImdHbIe aaredphbl Helpe-
PBIBHBIX (byHKLH/Iﬁ Ha KOMIIaKTHBIX IIOJMHOZKECTBaX B (Cn C KaKUMHU-TO JOIIOJITHUTE/JIbHBIMU YCJIO-
BUAMHN aHAJIUTUYIHOCTU. STO HE 06513aTean0 AHAJIMTUYIHOCTDb BO BHYTPEHHUX TOYKaX KOMIIaKTa
(I/IJII/I ero O6OJIO‘{KI/I B TOM HWJIX MHOM CMBICJI€: BHYTPEHHUX TOYEK MO2KET 1 HE 6bITb), a, Hallpu-
Mep, B olIpeaesieHrue MO2KET BXOUTH paBHOMEPHaA alllIDOKCUMUPYEMOCTDb KaKUMU-TO IIPOCTBIMA
AHAJINTNYECKNMU beHKI_H/IHMI/I (HOHI/IHOMaMI/I, pPalruoOHaJIbHBIMNI (byHKLH/IHMI/I C OCO6€HHOCTHMI/I

BHE KOMIIaKTa M T. H.). ,HJIH II01aBJIATIOIICTO OOJILINTMHCTBA, TAKUX aﬂre6p CymeCTBOBaHUE IIapbl
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Xapan-Jlebera 6b10 u3BectHo gaBHO (cM. |7, Teopema 7.1| u ycmrenus B [8, memma 1] u [9]).
(OrmermmM, aTO coBIaeHme HaszBanuii pabot [5] u [9] — ciyqaiinocrs.) Bosee Toro, Bo Beex aTnx
coTydagx momydaercs mapa (u, F), aas koropoit |F| = 1 m. B. otrocuTensro |p| u |u| = Fu,
YTO OYEHb HAIIOMUHAET pa300paHHBI mpuMep AucK-aareOpbl. HazoBeM mapbl ¢ 9THMEU JTOITOJI-
HUTEJIbHBIMHU CBOMCTBAMU — CuAbHbuLMU napamu Xapdu—/lebeza.

Bersicamtocs (em. |9]), aro Hasmame cuiibHOI napbl Xapau—/lebera mo3Bosisier “Mojiempo-
BaTh’ Ha Oaze paccMaTpuBaeMoil ajredpbl A OOBITHBIE TPOCTPAHCTBA Xapan B Kpyre. Hampu-
Mep, OJIHO M3 KOHKPETHBIX YTBEPKJIeHNUil, JoKa3aHHbIX B |9, roBopur, uro Torma anrebpa H>
BKJIaJIbIBaeTcsd B A™ B KadecTBe JIOMOJHAEMOIO IOAIIPOCTPAHCTBA. TeM caMbIM “HEIIOXOXKECTD”
anrebpel A Ha Bce npocTpancTsa Bua C'(S) BeITEKAET MPOCTO U3 AHAJOTUIHON “HEITOXOXKECTH
ua C(K') mpocrpancTBa H™ win muck-aaredphl (3a9acTyio TOCIeHIE JBe AIredphbl BeIyT cebs
JIMHEITHO-TOIOJIOTUIECKH CXOJIHBIM 00pa30M, TOCKOIbKY H ™ — 3T0 KaK pa3 “mHTepecHasd 9acThb’
Broporo conpszkennoro C%*). OmHAKO OTMETHM, 9TO U B 9TOM CJIydae yTBEPXKJEHUS B 1. 2.2
JIAIOT JOMOJIHUTEILHYI0 NH(MOPMAIIHIO.

[lurupoBanHble yTBEpKICHUS U3 [7-9] OTpazkaroT HEKYIO HJIEI0, KA3aBIIyIOCsd €CTeCTBEH-
HO# TIpM TOMBITKAX J0Ka3aTh runoresy lumkcbepra. VimenHo, ObLIO U3BECTHO, YTO TPU HEKO-
TOPBIX YCJIOBUSX B IIPOCTPAHCTBO MaKCUMAJIbHBIX HMJI€AJI0B PABHOMEPHOM aJredphbl MOYKHO BJIO-
JKUTh aHaJuTHIecKuit guck (cm. [7], rae k sroit reme asrop kauru T. Tamennn Bo3BparaerTcs
HECKOJIKO Pa3), ¥ XOTeJOCh BOCIIOJIB30BATBCS ITUM Jijisi MOJEJIMPOBAHMs Ha TakKoil ajrebpe
KJlaccnaecknx npocrpancts Xapyan. Kak Bugao u3 [8,9], 910 coobpazkenue (mocse ymajieHus
“HeHyKHBIX JleTaseil) B KAKOW-TO Mepe paboTaeT, HO TIOJHOTO PellleHns He Jaet. B naabHeiinem
MBI TIOMMEM, 9TO IIOJIHOE PEIIeHNe BCe JKe TOJIy 9aeTCsl TIOCIe OTHICKAHUSI CJIeI0B aHATUTHIeCKOM
CTPYKTYPbI Ha IPOM3BOJILHON HECAMOCOIPS?KEHHON paBHOMEPHOM ajirebpe, HO 9TU CJIEIBI YK

coBceM cJjiabble, ITOCKOJIbKY OHU M3BJIEKAIOTCS “TIPAKTUYECKU U3 HUYEro .

2.3.3. CIV4AIlL, PACCMOTPEHHBIN U. IVIMKCBEPTOM B [3]. Ilycts G — kommakTHas abeeBa
rpymma, A —3amkayTas noganrebpa B C(G), X — 6osee mupokoe 3aMKHYTOe JTHHEHHOe TIO/[ITPO-
crpanctso B C(G), npuaem A n X MHBAPHAHTHBI OTHOCUTEJLHO CABUIOB 1 X €CTh MOJIYJIb Ha/l
A. Ecmn A ¢ X, To HEKaKoe 3aMKHYTOe JIHHefiHoe pocrpancTtso F takoe, uro A C E C X,
He sBiisiercs jonosHsgeMbiM B C(G).

Mpsr noctponm mapy Xapmau—J/lebera jmist A m yBuamm, 910 BCe Takme MpocTpaHcTBa F
JIOIIYCTHMBI OTHOCUTELHO Hee. Pasymeercs, Toria pe3yabTarhl, cOPMYyJIUPOBAHHBIE B 1. 2.2,
JayT ropaszo 6osbiie. (CrpaBeIiBOCTH PaJjiU CJILyeT OTMETHTD, U4TO TIOJ00HbIE YTBEPK Ie-
HUS BPsIJT JIX BOOOIIE OBLIIO BO3MOXKHO JI0Ka3aTh B 1964 r.) ViMenHo, mycTh A — HOpMUPOBaHHASI
Mepa Xaapa Ha G. ITockonbky A, A 1 X cyTh 3aMKHYyTbIE JIHHEHHBIE 0G0IOUKH COIEPIKAIIIXCST

B HUX (B JlaJIbHENIIIeM HEelIPEPBIBHBIX 0 YMOJIYAHUIO) XapaKTepPOB, HANIETCsT TAKOi XapakTep 7y

rpymiel G, ato v € A, Ho 7 ¢ X. Uckomoit apoit 6ymer (YA, 7). JeiictBurenbHo, / 0ydA =0

G
JUUTST BCEX XapakTepoB d € X, mosToMy Mepa YA annysupyer Moayiib X . Tak kak fg € X Beakwuii
pas, korna f € Au g € X, Buaum, uto g - A € A+ nna Beakoit bynkimun g € X, TeM caMbIM

E -\ C At taxxke u a1d Beakoro mpocrpancTsa F, sakmouennoro mexkay A u X. C gpyroit
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CTOPOHBI, BCe HAaTypaJsbHLIe cTerenu * jexkar B A, ciaemosarensno, u 8 . Hakoner, v =1

BCIOJLy M, KOHETHO, / Fd(yA) = 1.

G
Ormerum, uTo B 11. 2.3.1 oba nmpuMepa Takue, Kak TOJHKO YTO OIKMCAHO: B CIydae JUCK-

ayireOpel Ha okpy2KHOCTH Oepem A = X = (4, upu j106aBJIeHUN [IEPEMEHHOI MOJLYJIb U aarebpa
yke paziugabl. Kpome toro, B curyarum [imkcbepra Mbl OISITH HOCTPOWJIA CUJIBHYIO APy
Xapmau—/Iebera (cm. 1. 2.3.2), MO3TOMY CHOBa MOXKHO NPUMEHUTH KOHCTPYKIIMH U PE3YTHTATHI
paborsr [9).

2.3.4. OBIIUN CJIVUAN. Hakoner, mokuaem mnepuoj, 3aKoHuuBIuiica 1976 rogom, u obcymm
camyio obmryto curyaruio. [Tocie paborsl [9] 3a1a1a HOCUIA B KAKOR-TO MEPEe YUCTO CIIOPTUBHDIH
XapakTep, MOCKOJIbKY He ObLIO U3BECTHO (M He U3BECTHO JIO CHX 1I0DP) HU OJHOIO SIBHOIO IIPH-
Mepa HecaMOCOTIPSIKeHHON paBHOMEPHOM areOpsl, st KOTOPOi He CYIeCTBYeT CUIbHOM mapbl
Xapau—Jlebera, mpu ToM, 9TO TaKue Mmapbl ObLIA TOCTPOEHBI BO BCEX PEAbHO BCTPEUYAIOIIIXCS
caydagx. Tak 9To ceifuac MbI OyjieM paccyxKjaaThb 00 00beKTax, KOTOpble MOTYT B IIPUHIIUATIE
CYIIECTBOBATH, HO HESICHO, €CTh JIU OHU B JIEHICTBUTEILHOCTH.

3/1eChb B CUJIY TOYTH ITOJTHOTO OTCYTCTBUS CTPYKTYPHBIX CBOHCTB, KOTOPBIMHU MOYKHO OBLTIO
OBbI BOCIIOJIb30BATHCSA, HAM IIPUJIETCH OTPAHUIUTHCA CUJIBHO JOIMYCTUMBIMU TTOIITPOCTPAHCTBAMU,
orpejiesIeHHbIMI T1epe T TeopeMoit 6. [Ipexk e Bcero, omurnem ux Bee.

[Iycrs I — 3amknayTas momaarebpa B C(K) (Bo3moxkuo, 6e3 emmuaumipl). [lomoxxmm
A= {f € C(K): fI C I}. fcno, aro A — 3amknyTas nomanrebpa B C(K), comepxamias
dyukmuio 1. B meit muoxkectBo [ Oyner ujeanom. [Ipu 3Tom, o9eBUIHO, MOAITPOCTPAHCTBO F
CUJIBHO JIOIYCTUMO it | TOraa | TOJIBKO Torda, Korjga [ C B C A.

Nrak, onpejiesienne CUJILHO JIOMYCTUMBIX ITOIIIPOCTPAHCTB CKPBIBAET 3a cODOIl erre oaHy
ayirebpy. B 1. 2.2 mbr oberiasu, aro mapa Xap/u—J/lebera Bo3HukHET cama coOOM U JIjisi CUJIBHO
JIOIYCTUMBIX TIOIIPOCTPAHCTB. ¥Y0eaumcst B 9roM. OTMETHM TOJIBKO, ITO TaKas Mapa CTPOUTCS

KakK pa3 IO OTHOIIEHHIO K OIPE/IeIEHHON BhIIIe “‘cIpaTaHHoil” aarebpe A.

Teopema 7. Ecaul ¢ I, mo cywecmsyem napa Xapou—Jlebeza drs anzebpo, A, omnocumenvro
Komopot donycmumo, 6ce noonpocmparncmea E, aeocawue meocdy 1 u A.

Jokazamenvcmeo. Crauasa nposepuM, uto I ¢ A. Eciu He Tax, To jHeiiHAs 060/I049Ka 00b-
emunennst [ U T U {1} ects camoconpsukennas nopanrebpa B C(K). Ilyeth B — ee 3aMbIka-
aue. [lociie OTOXKIECTBICHUST HEPA3IEIAIONINXCA TodeK KommakTa K, 1mo teopeme Croyna—
Beitepmrpaca noygaem, uro B = C(S) mist HekoToporo KommakTta S, mpu srom [ — mueast
B B. Oxnako Bce mueansl B C(S) caMoCOUpszKeHBI, MOCKOIBbKY KaxKJblil U3 HUX HUMEET BUJL
{g € C(S): gle = 0} aa mHekoTOPOro HUKCHPOBAHHOTO 3AMKHYTOIO MHOX)KecTBa € C S.

Urax, mpocrpancTso I He cojepskuTcs B A, 1osToMy 10 Teopeme XanaBanaxa Haiigercs
Mepa o u3 AL, e oproronanbnas MuoxkectBy 1. O603HaunM depes ® cyxenue na I GyHKIm-
OHaJIa, MOPOXKIEHHOrO Mepoit o Ha npocrpanctee C'(K). Bes morepu obiHocTn cauraeM, 4ro
|®|| = 1. IIpogosmkum 6e3 yBemmdenus: HopMbl dyrkimonas ¢ va C'(K), mycrb 9T0 IPOJ0IIKe-
Hie 3amaercs Mepoit A. Ilyers S = A — o, Torma 5 L 1.
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Haiiziem mocsteioBarenbaocts byskimit { f,,} u3 equnuanoro mapa njieana I, s KOTO-

poii / fndX\ — 1. Moxxno cuntars, uro dbyukuun f, cxonarea ciabo B L2(|a|+|A]) k nexoropoit

K
dyuknun F. 3amensiss pyHKIUN f,, X BBIIYK/IBIMIA KOMOMHAIIMSME, a 3aTE€M HEPEX0/isd K IO/~

HOCJIEIOBATEILHOCTH, MOXKHO CYUTATh, 9TO f, — F' 1. B. oTHOCHTEsIbHO Beex Mep |A|, |af, |B].

Taxum o6pasoM, |F| < 1 1. B. OTHOCHTEIBHO BeeX YIOMARYTHIX Mep n [ Fd)\ =1 = ||)].

K
[Iycrb a — MHOXKeCTBO Tex ToueK ¢, rie |F(t)| = 1, rorma mepa A cocpenorodena Ha a. Vimeem

1:/Fd)\:/Fda+/Fd6.

37ech, ecyiu TepBoe cjaraeMoe CripaBa OTJIMYIHO OT HyJsst, To mapa («, F') ects mapa Xapmn—

Jlebera miua A. B nporuBHOM ciydae / FdB # 0. Ho Torma mapoii Xapmu-JleGera o A
_ a

oyner napa (F?3,F). JleficTBUTENILHO, CONIACHO ONpEJIe/eHnio 1 ocTaeTcss MPOBEPUTD JIUIIL

cootnomenne F23 € At Onnaxko mepa [ aHHy/Iupyer uiaeas I, IO3TOMY / gf?dp = 0 npn

K
BCEX g € A, u H606XO,ZLI/IMOG COOTHOIIIEHUE IIOJIyda€eTCd IIPEeJCJIbHBIM IIE€EPEXOI0M IIO M.

Ecmu Tenieps npocrpanctso E ymoierBopsieT cooTHornenuto I C E C A, o E gomycrumo
OTHOCHTEJLHO TIOCTPOEHHOM maphl (p, F') (Kakast Obl U3 IBYX BO3MOYKHOCTE HU Dean30BaIach
JUtst Mephl p). JleificTBuTesibHO, Bee HaTypaJibHble crenenn dhyHKIun F IeKar jaxke B 3aMbIKa-
HUU eJIMHUTHOTO Iapa ujeasa [ B cooTBeTcTBYyIOIIEl c1aboii Tonosoruu (cM. ompejesenue 2),

a BCe MephBI gp, g € A, 0O9E€BHIHO, OPTOrOHAILHBI ajiredpe A, MOCKOIbKY TaKoBa Mepa p. [

[IpokoMMeHTHPYeM KpPaTKO TOJIyYeHHBIH pe3ysbTaT. B3risdHyB Ha ompejesienue 2, Mbl
cpa3y BUJIUM, UTO B OINUCAHHON 0OIIeil cuTyarun ObIBAIOT U JIOIYCTUMBIE TOJIIPOCTPAHCTBA,
cozepzkanuecs B A, Ho He comepzKamue uaean I (He HaJIo HACTaUBATh, YTOOLI 6ce cremenu L,
k € N, nexxanm B ciaboM 3aMBIKAHUE HEKOTOPOTO Imapa mpocrpaHcTBa F). Bocmoab3oBarbes
9THUM, BIPOYEM, MOYKHO, €CJIU MBI 3HaeM (QPYHKINIO F' SIBHO, KaK OBLIO WHOTJA B IIPEIbIIYIIIX
nmyHKTax. B obieil mocraHoBKe BBHIOOD 3TOi (DYHKIIUU JOBOJIBHO CJIyYAEH.

OrmeruMm TakzKe pasHUILy MKy obieil kapTuHoii B 11. 2.3.3 (ecjm OTBJIEYbCS OT TPYII-
HOBO¥I CTPYKTYPBI ¥ MHBAPHAHTHOCTH) U 371eCh: B 000MX CJIydasiX MMEeTCsI apa MPOCTPAHCTB,
OJTHO M3 KOTOPBIX BJIOYKEHO B JIPYTO€, a8 KOMIIJIEKCHOE COIPsIYKEHIe MEHBINETO ITPOCTPAHCTBA He
BXOJIUT B GoJibiniee. B oboux cirydasix HAC WHTepecyloT (110 KpaiiHeil Mepe B IepBOM MPUBIIIKe-
HII) TPOMEZKYTOUYHBIE IIPOCTPAHCTBA It 91Ol mapbl. OHako B 11. 2.3.3 ObL1a anarebpa u 6osee
IMUPOKUI MOJTIyJIb HaJl Heil, a 37ech — ajarebpa u 6osiee y3kuii ujeas B Heit. Murepecuo ObLIO
ObI CyMeTh CKa3aThb YTO-TO pa3yMHOE PO ajaredpy u 60jiee MUPOKU MOIY/Ib B OOIIEM CITydae.
BrpoueMm, kKak 0TMedeHO BhbIIIE, B KAKOH-TO Mepe — 3TO CHOPT pajyl CIIOPTA.

Hakomnerr, Kak yzke rOBOPHJIOCH, B OIIPEJIEJIEHUN CUIBLHO JIOIYCTUMBIX TPOCTPAHCTB HESBHO

[PUCYTCTBYET eIle O/iHa ajarebpa A, B KOTOPOI MCXOJHOE MIPOCTPAHCTBO [ SIBJISETCS UICAJIOM,
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npu 3toM I ¢ A. MoKHO B3IJIHYTH Ha JIeJI0 HHAUE, CYNTAs OCHOBHBIM O0'LEKTOM ainrebpy A, u
oIy 9uTh 60JIbIe npuMepoB, Menstst uieas I. (Ilpu srom, kKoreuno, mapa Xapau—/lebera Toxe
MOYKeT U3MEHUThCsI.) MoKHO 1 BooOIIe “cripsitaTh’ UMEHHO HJIeall, a He aiaredpy, HampuMep, B
takoii dopme (em. [5], c. 380).

CaencrBue 8. Ilycteb A — 3amknyTas noganrebpa B C(K), comepxamas enuuuily, a F —
3aMKHYyTOe noanpocTpanctso B A. IIpeanonoxxum, uro nanuiach pynkuus h € A Takas, 910
hA C Ewuh ¢ A. Toryma npocrpancrso E ne n30MopdHO (haKTOP-IPOCTPAHCTBY HPOCTPAHCTBA,

C(S) Hu 151 KAKOTO KOMIIAKTa .

JeiicTBuTe/ibHO, F — MPOMEXKYTOIHOE IIPOCTPAHCTBO MEXK Ty ajirebpoit A u ee mieayiom

1, siBjIgOIMM s 3aMbIKaHHEM MHOKecTBa hA.

3. O gokaszarejbCcTBax

JlokazaTeabCTBa CHIILHO UCIOJIb3YIOT PA3JINIHbIE CBE/IEHNsT O OAHAXOBBIX ITPOCTPAHCTBAX
U OllepaTopax B HUX, KOTOPble MBI He 0OCYKJaeM CKOJIb-HUOYIb 1opodbHo. Mudbopmaruio o
P-abCOJIFOTHO CYyMMUPYIOIIUX oreparopax (1 O JPyrux POJCTBEHHBIX KJIACCAX) MOXKHO [OYepI-
HyTh, Hanpumep, u3 [10]. Hanomuaum, 9T0 oreparop siBaseTcss p-abCOTIOTHO CYyMMEPYIOIIIM
TOT/Ia U TOJIBKO TOTJA, KOT/Ia OH (paKTOPHU3yeTcs Yepe3 JacTh TOXKIECTBEHHOTO BJIOXKEHUS ITPO-
crpanctBa L>°(0) B LP(0) mis HeKOTOPOil KOHeYHON Mepbl o (“9acTh’ O3HAYAET, YTO yMeHb-
MIATHCS MOT'YT Kak 06JIACTh OIPEJIeJICHUs, TaK U IPOCTPAHCTBO 3HadeHwit). Heobxomumo 3HaTH,
970 1-abCOIOTHO CyMMUPYIOIIUii ornepaTop, 3aJaHublii Ha npoctpancree C'(S) u nmpuHIMAO-
it snavenus B 12, adeproti (1 motoMy KommakTHb). asee, 3namenuras reopema I'poTen -
Ka [VIACHT, YTO BCSKUIl JIMHEHHBIN HEIPEPLIBHBIN omepaTop n3 L' B rIIb6epToBO IPOCTPAHCTBO
siBJIieTcst 1-abcoToTHO cyMMupyomuM. Kpome Toro, Besikuit p-abCOIOTHO CyMMUPYIOIIHIT OTie-

paTop MEePEBOAUT CJIa00 CXOMAIINECs IOC/IEI0BATEIbHOCTA B CUJIBHO CXOJISIIITIECS.

3.1. TIPO OTCYTCTBME ITPOEKTOPOB. 3aiiMeMcs cHavaIa JIOKa3aTeIbCTBAMU TEOPEM 3 U
4, KOTOpBIE TIPOBEJIEM JIOCTATOYHO JIETAJIBHO, & 10 TTOBOJLY TeOpeMbl 6 OrpaHUINMCs HeJJTNHHBIM
koMMeHTapueM. Ham jganbr 3amkayTas nogaarebpa A B C(K) u mapa Xapau—JleGera (u, F)
s Hee. [loiimeM, Kak Bo3HHKaeT “cyrabblit cjiesl aHAJTUTHYIECKON CTPYKTYphl’ Ha ajrebpe A.
Bce obbsicHenne ymMenaeTcs: B CyeyroneM ab3alie.

[Iycts g € A, ||g|| < 1. Oupenesmm oneparop 1T': C(T) — C(K) dopmymoit T'(u) = o g,
riae @ — waTerpast [lyaccoHa or w (rapMOHHYECKOe MPOJIOJIXKEeHIe HeMPePbIBHON (DYHKINN U C
OKpYKHOCTH B Kpyr). Orobpaxkenune T He MyJIbTUILIMKATHBHO, HO OHO MYJIBTHILTMKATHBHO 110
otnesnpHocT Ha mpoctpanctax Cy u Cy. B wactioctn, T(2C4) C A (npo T(C,), Boobme
TOBOPsI, TAKOT'O CKA3aTh HEJIb3sl, TIOCKOJIbKY airebpa A Moxker He cojepKaTh eJIMHUILY ), TT0ITO-
My omepatop S = T* orobpazkaer anmyaarop AL B (2C4)1, a nocemnee mpocTpaHCTBO 110
Teopeme 6paThes Puccos ects H' - m. [l1a cokparmenns o603HaYeHnI CIUTaeM, ITO OIIePaTOP
S orobpaxaer At B H'. Hanomuuwm, uro H' = G*, rne G = C(T)/2C4.
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OmpeseuM Takzke Ha 1poctpancrse H! oneparop p ciemyromum obpasonm. Puxcupyem
JAKYHApHYIO 10 Ajamapy [OCJIeJI0BATebHOCTh {l;} HATYPAJIBHBIX YHCEJ U IOJIOKUM
ph = {ﬁ(lk)}keN g Beex h € H'. Knacendeckas Teopema [Iam yTBep:K1aeT, 9TO OHEpaTop p
HeIpepBLIBHO OTOOpazkaeT mpocTpanctso H' B (2.

Bosbmem dyukiun {f,} u3 equnuanoro mapa anreopsl A, cxopsimuecss K F 1. B. (oHE
ObLIM [IOCTPOEHBI Cpa3y TI0CJIe OlpeieeHnst 1), 1 Mo KaxKJI0il U3 HUX IIOCTPOUM oriepaTopst 1),
u S, = T* xax o dynxnmn “g” (cm. soume). yers S: AL — H! — npenenbaas Touka mocite-

JloBaTeIbHOCTH onepatopos Sy, : At — H! B Tonosorun noroueunoit o(H!, G)-cxoaumocru.

Jdemma 9. Ilycmv E — donycmumoe nodnpocmparcmeo 6 C(K), a onepamop W: E — At
sadar gpopmynott W = pu, ¢ € E. Tozda xomnosuyus pSW He KoMnaxmma, ecau AaKYHAPHAA

no Adamapy nocaedosamenrvrocmo, 3adarowas onepamop p, 6vlopana nodrodsuum 0opasom.

Ecim 310 yTBep:KieHUE T0Ka3aHO, OTCIOJa cpa3y cjeiayer Teopema 3. JleficTBurenbho,
upemnosiokuM, uto v: C(S) — E — menpepsiBHas ciopbeknus. [lockoabKy omneparop W siBiis-
ercs 1-abCOTIOTHO CyMMUPYIONTNM, Komosutust pSW v 1o/KHA oKa3aThCsl SJIepHOI (CM. 3ame-
JaHUs B HAUaJIe pas3jiena 3), TeM caMbIM KoMIakTHOI. Ho 9T0 HeBO3MOXKHO, TaK KakK €JIMHITHbII

map npocrpancTBa E ecth 06pa3 HeKOTOpOro mapa ¢ mearpom B Hyste B C'(K).

Joxasamesvemeo aemmo, 9. Ilycts {li } — mocseioBaTeIbHOCTD HHJICKCOB, OIIPEIEISIONIAS OTIe-
patop [Ismu p. g moboit byskiun « € E dyukims SW e ects npesenbHast To9Ka (B yKa3aH-
HOIi BhIIe ciaboit Tomosorun) mociaenosarenbaoct S, Wx. Tlonb3ysich sTuM, Beraucanm k-1

KOMIIOHEHTY BekTopa pSWx:

(S, W,z = /ﬁlkxd,u — /Flkxd,u
K K

npu n — 00. OJHAKO MBI MOIVIM C CAMOT'O Hadajla BBIOPATH YHCIIA [ Tak, 4ToObl crermenn Fe—1
JIOCTHUTAJIICH U3 Tapa B HeKOTOporo (hpUKCHPOBAHHOTO PaJjilyca MPOCTPAHCTBa F ¢ IIOMOIIBIO
CXOJUMOCTH |p]-11. B. (cM. ompejesienne 2). 3Ha4uT, B 3aMblKanuu (110 HOpMe B [2) MHOXKecTBa

pSW (B) mig KazkJI0ro k uMeeTcst BEKTOP, k- KOODJMHATA KOTOPOTO €CTh

/Fl"'Flkldp N / Fdu 0

K {IFI=1}
(eMm. onpenesenue 1). D10 TOKA3BIBACT JIEMMY. O

JlokazaTeabcTBO TeopeMbl 4 OyJIeT Terepb COBCEM KOPOTKUM. JleficTBUTEIbHO, ITYCTh HEKO-
Topoe 1-7omycTuMoe noapocTpancTBo F C At comepxxut Mepsl F¥ i rs 6ecKOHEYHOTO MHO-
JKECTBa HOMEPOB k. DTH Mephl 00pa3yIoT ¢1ab0 OTHOCHTEILHO KOMIIAKTHOE MHOMKecTBo D B At
Ecm 6B IpocTpancTBo F BKIILIBAJIOCH JIONOIHIEMO B HEKOTOPOE IPOCTPanCcTBO THna L1, To
1o Teopeme ['porenanka omeparop pS 6611 ObI 1-aOCOTIOTHO CyMMUPYIOIUM Ha F, a Tormaa MHO-

xkecTBO pS(D) OKazanoch ObI MPEIKOMIAKTHBIM 110 HOpMe B [ (IIOCKOJIBKY €1a60 CXOISIIIeCst
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[I0CJIE/IOBATEILHOCTHU TIE€PEITH Obl B CUJIBHO CXOJAIINECS, 9TO OTMEYAJ0Ch B Ha4AJe Pasfiesa
3). Tocsenee, ojiHAKO, ONPOBEPraeTcs BLIYUCICHUEM U3 JI0KA3aTeILCTBA JIEMMbI 9.

B sakmouenne ormernM, uro B [4] (a Bemex 3a Tem m B [5]) obcyxmanucs u o apyrue
JINHEITHO-TOIOJIOTUYIECKNE CBONCTBA paccMaTpuBaeMbIX aiaredp. Vimenno, ecim A — 3aMKHyTast
HecamoconpsizkeHHas mojaaredpa B C'(K), To OBLIO yCTAHOBJIEHO CJIE/IYIOIIEe.

(a) IIpocmpancmeo A** He603MOIHCHO B.A02HCUMD JONOAHAEMO 6 OAHATOBY PEULETKY.

(6) Ecau A ecmwv gaxmop-npocmpancmso npocmpancmsa X, a npu amom X exaadvi-
saemca JonoAHAEMO 6 banaxrosy pewemxy, mo 6 X umeemcs JOnOAHAEMOE NOONPOCTMPAHCMEO,
usomopgroe npocmparcmey L.

JlokazarenbeTBa 10I00HBIX (HAKTOB TPEOYIOT JOMOJHUTEIBHBIX CBEJIEHUH O OAHAXOBBIX
npocTpancTBax. UToObI He Meperpyzkarh HW3JI02KEeHHe, Mbl He BXOJuM B moapobHocTH. OTMe-
TUM TOJIBKO, 9TO aHAJIOT yTBepK/IeHus (6) crpaBeiuB sl IPOU3BOJIBLHOTO JIOMYCTUMOTO OJI-
IPOCTPAHCTBA OTHOCUTEJIBHO JIE000H napbl Xapan—J/leGera (1 9TO yTBepKJeHUe CHJIbHEe, JeM
teopema 3). Paccyxkienus npumepHo takue ke, Kak B [5], [6] s anreGp. Hanporus, yreep-
J)KjieHre (a) Ha Bce JIOIyCTUMbIE TIPOCTPAHCTBA He paciipocTpaHsercs. [Ipumepom Moxer ciry-
JKHUTDb TOJIIPOCTPAHCTBO B JIUCK-AJredpe, HATAHYTOe Ha (DYHKIUN sz, k € N. Ono gomyctumo
OTHOCHUTEIHHO CTAHIAPTHON B 9TOi curyarnun naper Xapau—/lebera (zm, z), HO Ipu 9TOM H30-
MopdHO GanaxoBoil permerke — npocrpancTy [, I CHILHO JOMYCTUMBIX TPOCTPAHCTB, T. €.
IPOCTPAHCTB, MPOMEKYTOUHBIX MeKTy anrebpoit A u ujgeasnom I B neit npu yciaosun 1 ¢ A,
CBOWCTBO (&), OJTHAKO, COXPAHIETCs, M CHOBA IIPUMEPHO € TeM Ke JI0OKA3aTeJbCTBOM, UTO U B |4]
u [5] mag anrebp. Ecim mymarh 06 MHBApUAHTHBIX MPOCTPAHCTBAX Ha IPYIIIAX KAk O MOJEIH,
TO Ha WHTYUTHBHOM yPOBHE MOYKHO CKa3aTh, UTO HApyIIeHHE ycjaoBue (a) Jyist JOMyCTHMBIX

IIOJIIPOCTPAHCTB CBA3aHO C 9€M-TO BPO/I€ HaJIUINA OYCHDb OOJIBIINX JIJaKyH B CIIEKTDE.

3.2. IIPO HEBAMKHYTOCTBb CYMM. Paccyxkjenus u3 IpeablIyIIEro MyHKTa HauboJiee
OJM3KN K JI0Ka3aTeIbCTBY TeopeMbl 3.3 B 5], 0JHAKO OTJIMYHA BCE K€ €CTh M, COOCTBEHHO,
[I09TOMY MbI TIPUBEJIN JIeTaJl BHOBb. UTO Kacaercss TeopeMbl 6, TO HEOOXOIMMO JIeiCTBOBATH
OUTH COBCeM 6e3 m3MeHeHui, Kak B § 3 u3 [6] (xors popMyIMpoBKa y HAC U CHIIbHEE), TIOITOMY
MBI oryckaeM jetasin. CKaxKeM TOJIbKO, YTO pa3peliarh “JAKyHbl B CHEKTPE’ Yy JIOIYCTUMOIO
HOJIIIPOCTPAHCTBA B 9TOM CJIydae JeHCTBUTEIHLHO HeJlb3sl (MJIH HEeJIb3sl, He TIO/LyMaB): JIETKO [IPH-
BECTH IIPUMEPBI 3aMKHYTHIX CyMM F) + Fy, rie Fy u Fy — HOIIIPOCTPaHCTBA JHUCK-AIreOphl ¢
JaKyHapHbIM 10 Aamapy crekTpom. Kak (HaBepHO) Mbl COMVIACHIINCH B II. 3.1, CHJIBHO JIOITY-
CTUMBIE TIOJIIPOCTPAHCTBA KaK Pa3 U OTBEYAIOT OTCYTCTBUIO JIAKYH.

OTmMeTnM TakzKe TeXHUUeCKuil MoMeHT. [Ipu qokazareanerse TeopeMbl 6 yiao6uo (em. [6])
Ha KaKOM-TO 9Talle CIIyCTUTHCS Ha YPOBEHb KOHETHOMEPHBIX MOJIIIPOCTPAHCTB. DTO MPUBOIUT K
TOMY, UTO OIPOBEPraTh HYKHO HEITOCPE/ICTBEHHO $/IEPHOCTH BO3HUKAIOIINX IO JIOPOre Orepa-

TopoB (6oJ1ee WM MeHee TaKUX Ke, KaK BbIIle), a He 0Caa0IsTh ee CHavYasa JI0 KOMIIAKTHOCTH.
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Bunnmapapl mepeMenHolt KOHUrypanu u Onaanapabl C
MIPOCKaJb3blBAaHNEM B IaMUJILTOHOBOII reOMeTpuun u
TOIIOJIOTU N

A.T. ®omenko

Ansoramusi. OOHapy»keH Kjacc OMJINApI0B, MeOMeTPHUsl KOTOPBIX MOXKET Me-
HATHCS [IPU U3MEHEHUU YHEPIUu IIapa, ABUKYIIErocs M0 «OUITHAPIHOMY CTOJIY ».
TaKI/Ie 6I/IJIJII/Iap,Z[‘bI Ha3BaHbI CUJIOBBIMU MNJIN 3BOJIOIMNMOHHBIMMN. OHI/I IIO3BOJIAIOT pe-
AJIN30BATh BazKHbIC NHTETPUPYEMbIE TaMUJIbTOHOBBI CUCTEMbI (C ABYMd CTECIICHAMU
cBO6OJIBI) cpa3y Ha BceM (Da30BOM 4-MEPHOM IIPOCTPAHCTBE CUCTEMBI, T. €. OJJHOBPE-
MEHHO Ha BCEeX PEryJIsipDHBIX H309HEPIeTUIECKUX 3-MEPHBIX TOBEPXHOCTSIX. ABTOD
u B.B. Begronmkuna joka3zaan, 9T0 CHJIOBbIE OWLIHAPIBI PEAJIU3YIOT UHTErPUPY-
eMble ciaydan Jitjiepa u JlarpaHxka B JIMHAMHUKE TSXKEJIOTO TeJIa, B TPEXMEPHOM
npocrpancrBe. OOHAPYKEHO, YTO 3TU JBE HU3BECTHBIE CUCTEMBbI «OMJIIHAPIHO K-
BUBAJIEHTHBI», XOTsl 00JIQJAI0T MHTErPaJaMU PA3HbLIX CTEleHEll — KBaJIpaTHIHBbIM

(Oitnep) u smueitabiM (Jlarpamx).

KirodyeBble coBa: cujioBble 6I/IJIJII/Iap,HI)I, narerpupyemMasd raMmnjibTOHOBa CUCTE-

Ma, ciydan Ditnepa u Jlarpamxka.

BBenenue

ABTOpOM OOHaApYKEH KJacC OMILIMap/I0B, TeOMETPHUs KOTOPBIX MOYKET MEHSIThCS TTPHU 3-
MEHEHUN SHepruu (CKOPOCTH WM CUJIbI yjapa) OUJLIMApPHOrO Iapa, JBUXKYIIErocs mo “Oui-
Jsmapaaomy crosy’. Takne Oumnapabl ObLIM HAa3BaHBI CUJIOBBIMU WJIN BOJIOIUOHHBIMU. OKa-
3BIBAETCsI, OHU TIO3BOJISIIOT PEATM30BATh BAyKHbIE MHTEIPUPYEMbIE TAMUTBTOHOBBI CHCTEMBI (C
JIBYMsI CTEIIeHsSIMU CBOOOJIBI) cpasy Ha BeeM (a30BOM 4-MEpHOM POCTPAHCTBE CUCTEMBI, T. €. OJI-
HOBPEMEHHO Ha BCEX PEry/IsipHbIX M309HEPreTHIeCKNX 3-MEPHBIX TTOBEPXHOCTSIX CHCTEMBI, KOTO-
pble MOI'YT MEHATH CBOIO TOIOJIOIHIO IIPH M3MEHEHUHU SHEepruu. B coBMeCTHBIX paboTax aBToOpa
u B.B. Bemromkunoit [1,2], 6110 10Ka3aHO, 9TO CHIIOBBIE OUILIHADIBI PeaIn3yIOT, HAIPUMED,
N3BECTHBIE WHTErPUpyeMble caydan Ditjaepa u Jlarpamnka B JJMHAMUKE TSXKEJIOTO TEIa B TPEX-
MEPHOM eBKJIMJIOBOM IIpocTpaHcTBe. Kpome Toro, ObI10 0OHAPYZKEHO, ITO ITH JBE N3BECTHBIE
HHTErPUPYyEMbIe CUCTEMBbI “OUIINAP/THO SKBUBAJICHTHBI , XOTs 00/1a/1al0T WHTEI'PAJIaMI Pa3HbIX
crerneHeil — KBaapaTnIHbM (Ditrep) n guneinpiM (Jlarpamx).

Nrak, BBe/IeH KJ1aCC JIOKAJIBHO IJIOCKUX OMJLINAP/IOB, TIOIXOAIINAN JIJTsT PeaTn3allii TOIO-

JIOTUU cJIoeHuit JInyBUIIg MHTErpUPYEMbIX TAMUJIBTOHOBBIX CHCTEM CPa3y BO BCEX PEry/IAPHBIX

(© 2023 A.T. DomeHko
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30HaX 9HEPI'nuu. B 9TOM HOBOM KJlaCC€ CHJIOBBIX <3BOJ'IIO]_LI/IOHH]:>IX) 6I/IJ'IJ'[I/IapILOB C USMEHECHUEM
CKOpPOCTH IIapa (T. €. CUJIbl yaapa O CTeHKy—I‘paHHHy) MOZKET MEHATHCA KaK TOIIOJIOI'UA BCET'O
“OmyLIMapIHOTO CTOJIa”, TaK U 3aKOH OTpakeHus Imapa. B kKadecTBe “‘marepuaJa’ sl U3TO-
TOBJIEHUST 3BOJIIONMOHHBIX WHTEIPUPYEMBIX OUJITUAP/IOB MOXKHO TaKzKe MOJIb30BaThCsl MHTEIPH-
pyeMbiME OMJLIMapIaMu-KHIKKaMu, BBeJleHHbIMU B.B. Bemomkunoii. JIncramm takumx KHE-
JKEK SBJIFIOTCS JIOKAJIHHO TIJIOCKUE OMJITUAP/Ibl, OrPAHUYEHHbIE JIyraMi CO(DOKYCHBIX KBaJIPUK
U CKJICCHHBIE TI0 HEKOTOPBIM OOIIMM pedpaM.

HanomuuM HedopMmasibHOe ompejiesierne GunmrnapaHoii Kunkku (mogapobuee cum. [3]). 3a-
HyMepyeM JINCThI KHUKKHU. KazK10My 0JHOMEPHOMY peOpPy-KOPEIIKY COMTOCTABUM UK ITIECKYIO
[epeCTaHOBKY U3 I'PYMIbI S(n), [je n — YUC/IO JIUCTOB KHUXKKH, CXOJSIIUXCS HA JAHHOM peb-
pe. CripoekTupyeM KHIZKKY Ha IJIOCKOCTh. PaccMOTpHM MHOXKECTBO IpaHull (T.e. jayr codo-

KYCHBIX KBaJIPHK) BCeX OMLHapoB-mucToB. [lycTh Ha MJIOCKOCTH JiBe IDaHUIbI 06pa30BaJIH
s
yroa ( Torga OoH paBeH 5 ) BCTPETUBIINCH B HEeKOTOPoil BepruHe. [lorpebyem, 4ToOBI B mxX

11poobpase COOTBETCTBYIONINE UM TIEPECTAHOBKH KOMMYTUPOBAJIN. 3JIECh O] TIEPECTaHOBKON B
1pooOpase 1Kol IT'PAHUIHON JIYTH TOHMMAETCH TEePECTAHOBKA, COCTOAIIAA U3 00beIMHEHN
IUKJINIECKIX [TEPECTAHOBOK BCEX KOPEIIKOB, MPOEKTUPYIONINXCA Ha JIAHHYIO JIyTY.

Burkenne MaTepuaibHOIT TOUKHN (I1apa) 1Mo GuImapiy-KHIKKE 3a/1a€TCsl Teleph CJIeTy-
IOIMKUM 0OPa30M: JIBUTASACH IO JIUCTY C HOMEpPOM %, IOCJe yAapa O T'PAHUILY TOYKA II€PEXOJIUT
Ha JIICT $(1), TJie § — 9TO IIePEeCTAaHOBKA, IPUINCAHHAS JAHHON TpaHuIie-Koperky. OnncanHoe
yCJIOBUE KOMMYTHUPOBaHUs “‘COCEIHUX  TIEPECTAHOBOK B BEPINIUHE TapPAHTUPYET KOPPEKTHOCTD
OTpazkeHus TOYKU IPU ee MONaJIaHUN B MPAMOi yroJi nmpu BepinuHe. To ecTh TOUKa, yaapuB-
IIUCH O BEPIINHY, BO3BPAIAETCS Ha3a/l, JBUTASACH 110 TON YKe TPAeKTOPHUH, 110 KOTOPO IoIaa

B BEPIINHY.

1. Onpesiesienue cuJIoBOro (3BOJIIOIMOHHOTO) OuJLIHap/Ia

Crenytomee omnpejesienne CUIOBBIX OMJIJINAPIOB BBEIEHO aBTOPOM CTATBU.

1) Hocurenem cumoBoro 6miunap/ia Ha30BeM KOHEUHBII CBA3HBIN JIBYMEPHBII JIOKAIHHO-
IJIOCKUii (C eBKJINIOBOI METPUKON BHYTPHU 2-KJIETOK) KJeTOuHbIi kKomiuieke X . Ero 2-ymerst
L; romeoMOpdHBI 3aMKHYTHIM 00JIACTSAM (JIBYMEPHBIM JICKAM WJIN JBYMEPHBIM KOJIbIIAM) HA
IIJIOCKOCTH 1 OI'PaHWYEHBI KyCOYHO-TJIQIKIMI KPUBBIMU. VX yIuibl n3jomMa paBHBI g Ckteiika
HECKOJIBKHX 2-JIICTOB IPOMCXOJUT 110 M30METPUHU HEKOTOPBIX MX OOINNX TJIQJKIX IPAHHYHBIX
ayr (kopermku KHIKKY). Takum o6pa3oM, KOMIUIEKC X IOJTy9aeTcst CKICHKON JTOKAIbHO MI0C-
KHUX OMJINAPIHBIX JIICTOB 110 HEKOTOPHIM I'PAHUYHBIM peOpaM-KOPEIIKaM.

2) Jlns kaxkJoro 3HaveHus mapamerpa-sHeprun H = h > 0 paccMOoTpuM B HOCHTE]e
X samkHyTbI ogKOMILIeKC X (h), Bo3MOKHO HecBsA3HbIT. HazoBeM ero cocrognmeM CHIOBOTO
Omnrapya, orsedaomumM 3uadennio h. [Ipwm stom X (hy) comepxurca B X (hg) st s100bIX
hi < hg u HOCUTENb X siBisiercst oobeauuenneM X (h) o Bcem h. Tem caMbIM ¢ POCTOM SHEPTUH
h cocrosane (xomiutekc) X (h) “paspacraercs’. Ilpn msmenennu sueprum h cocrostnue X (h)

OyseT, BoOOIIEe TOBOPS, MEHITH CBOIO T'€OMETPHIO.
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3) Koneunoe kosmmuecrBo 3navenuii h = 1,..., N suepruu H, Ipu KOTOPbIX MEHsIET-
cst TomoJiorust cocrosiaust X (h) (MeHstformerocst OHIITMAPIHONO CTOJIA) MM 3aKOH OTPaZKeHHsI-
[peJIoMJIeHHsT Ha pebpax TPaHUIbl, HA30BeM 0COObIME (CHHTYJIpHBIMIE). OCTalbHble 3HAUCHUST
SHEPI'MU HA30BeM PeryJsapHbIMUA. HamomMHUM, YTO B MHTErpupyeMbIxX Omummapaax l-pedpamu
(koperikamu) 6ummapgaa X (h) aBistorcs Jyru cOPOKYCHBIX KBAJPUK M KOHIIEHTPHIECKIX
OKPYZKHOCTEN.

4) 3akoH OTpayKeHUs-TIPEJIOMIICHNsT Ha pebpe-Kopertke r B cocrossauu X (h) obo3HaIIM
gepe3 Z(h,r). OH 3a/aeTcs IUKJINYECKON [IepeCTaHOBKOM Ha n Jincrax OMIMapia, CKIenBa-
eMBbIX 1[I0 PeOpy r, U OnpejessieT JUHAMUKY MaTepHajbHO JacTurpl (GuimapHoro mapa)
nocie ynapa o rpamuiy. Bygem cuntars, uro Z(h) = {Z(h,r)}, T.e. HAOOp TaKUX 3aKOHOB
OTPaKEHUSI-ITPEIOMJICHIS €CTh KYCOYHO-TIOCTOsIHHAA (DYHKIIAST SHEPTHUH, U3MEHEHUsI KOTOPOi
MOT'YT OBITH JIUIIb IIPU OCOOBIX 3HaYCHUSX h.

5) Pasperium pebpam-kopenikam cocrosiius X () riajIko MeHSIThCsI B KJ1acce CO(POKYCHBIX
KBa/J[pUK 0e3 BbIpoxk/IeHuil. Kak m3BecTHO U3 TeOpUr MHTErPUPYEMbBIX OUJIIUAD/IOB, 9TO 33J/IaeT
SKBUBaJIEHTHBIE Omnap/bl. [Ipu ocodbIx A pebpa MOTyT CKJIeMBaTLCA € IPYTUMU peOPaMu, Bbl-
POXKIATHCSI WM TIPEBPAIIATHCS B OTPe3KN (POKYCHBIX TPsAMBIX. CKIIeKa JTUCTOB BIOJIb I'DAHMAIL
IIPOUCXO/IUT BJIOJIb JYTH OJIHOM M TOU Ke KBaJIDUKW. YCJIOBHAs cXeMa MoKa3aHa Ha puc. 1. Ha
“HOBOM KOpeIKe MOSABJISIeTCH HOBBII IUKJI-TIEPeCTaHOBKA. B MOMEHT CKadka MbI pa3peliaem
owLmMap aM MEHSThb CBOI KJjiacC SKBUBaJIeHTHOCTU. Hampumep, cermMeHT rpaHuiibl Ipu 0COO0M
h moxker jeub Ha (POKAIBHYIO HMPIMYIO W “CIOKUTHCS mmomosam”’. CKadKoM yroJr g MOXKET
CTaTh paBHBIM 7. Pa3permaercs ckilenBaTh B TPAHUYIHBIX TOYKAX KOPEIIKH OJHOTO COCTOSHUS
X (h), eciiu oHH JieTyH Ha OJHY TPAHUYIHYIO JYTY, T.€. €CJIU YIOJ MEXK/y HUMHU CTaJl PaBEH 7.

B kpyroseix OGuinapiax rpaHMYHbIE OKPYKHOCTH MOI'YT CTATUBATHCHA B TOUKHU. B dact-
HOCTH, TP HEKOTOPBIX OCOOBIX 3HAUEHUAX h HEKOTOPBIe pebpa 1 OUInap/a MOryT CTAHOBUTh-
cst “nporuriaembivi’ (“nipospaunbivi’). [locste 9T0r0 GuiHapAHBIH MAp HATHHAET TPOXOUThH

CKBO3b Takoe pebpo, a JI0 9TOro OH oTpazkajcs (BO3MOXKEH U 0OpaTHbI Mporece).

CKIeuKa
————

Puc. 1
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6) Urak, mHocuresib X MbI cuuTaeM HEM3MEHHBIM, ‘HENOBIZKHBIM . BHyTpu Hero “paspac-
tatorcst” cocrosanst X (h), npudem X coBmajaer ¢ nociaeaunm cocrosmueM X (N) (cm. puc. 2).
NuTerpupyeMyio cucteMy € JIByMs CTEIIEHIME CBOOOJIBI, 38/ [aBaeMyIO JTUHAMUKON OUJLTHAD/THO-
o Iapa Ha MEHSIONUXC COCTOsTHUIX-KOMILTeKcax X (h), Ha30BeM CHJIOBBIM (9BOJIIOIMOHHBIM )
ousutmapaoM. [lycrs h — peryisipHoe 3HaUeHe SHEPIUU U3 KAKOro-to uarepsaia D; = (1,74 1).

CootrBercrByromuii 6usuapi-cocrosuue (Komiriekce) oboznaduMm depe3 X (D;).

B®
SO0

Puc. 2

-

7) Toukoii dazosoro komiutekca 1T X (D;) aBisiercs napa (z,v), rje & — ToYKa OUILIH-
apaaoro croa X (D;), a v — BEKTOp CKOPOCTH MaTepHaJbHO#l dacTuilbl B Touke x. Korma
TOYKA & OKa3bIBAECTCS Ha TPAHUIE JHUCTA L;, COCEICTBYIOMIEro ¢ JUCTOM Ly, TO CKJeiika co-
OTBETCTBYIOMUX 1ap (z,v) u (x,w) IPOUCXOIUT MO 3aKOHY OTparKeHud-npeaomsienns Z(h,r),
JICHCTBYIOIIEro Ha JaHHOM pebpe 1 IIpU JaHHOM h.

8) Peryssiproit n309HEpreTHIECKON 3-MIOBEPXHOCTBHIO (), HA30BEM IIOJIMHOYKECTBO B de-
ThipexmepHoM daszoBom komiutekce T X (D;), 3amaBaemoe ypasaenuem: H = h; T.e. “ypoBeHb
nocTostHHOf sueprun’. ljist nHTerpupyeMbIX GHIITHAP/HBIX KHIKEK Pery/IspHble (), sABIISIOTCS

TOIOJIOTHIECKUMU 3-MHOI0OOPA3UAMHU.

Onpenenenne 1. OnucaHublil Bbile OULIHAD/L IEPEMEHHON M€OMETPUN U COOTBETCTBYIOILYIO
JINTHAMUYIECKYIO CHCTEMY (3a/1aBAeMYIO JIBUKEHUEM MATEePHUAJbHON TOYKHU) HA30BEM CUJIOBBIM

Il 3BOJIIOITMOHHBIM 6I/I.H.HI/Iap,ZLOM.

Takum 00pa30M, IBOJIOINUOHHBIN GUIMap] ¢ HocuTeseM X 3a/1aeTcsd HaDOPOM JIAHHBIX:
D;, X(h), Z(r,h), ckieiiku, N (cM. yCTOBHYIO CXeMy Ha pHUC. 3).
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COK K KK, K K K
Q@ Qo Q N e
o 1 2 3..i1 i -« NI N
D 1 Dz D 3 ) 5; DN \Do&
Puc. 3

Hazaaonwid xommenmapui. Vaes SBOMONMUOHHONO (CHJIOBOrO) OuiHap/a yauThIBAET
SHEPIUI0 MAaTEepPUAIbHON TOUKH. VI3MeHeHus JTUHAMUYECKON CHCTEMbI ITPU U3MEHEHUN dHEPTHH
YACTUIIBI U3YYal0TCsI, HalpuMep, B (busnke, KBAaHTOBON MexaHuke. [Ipu yBenudennu sneprun
9JIEKTPOHBI, BPAIIAOIINECS BOKPYT sjipa aToMa, ‘TepecKaKUBaIT ¢ OJHOTO SHEPreTUIEeCKOI'o
ypoBHs Ha Jpyroit. Takum obpasoM, “Hakadka’ SHEPIUU MPUBOJIUT K OMMYPKAIUAM CUCTEMBI.
OxkasbIBaeTcs, HEUTO TMOA00HOE ODHAPYKUBAeTCsd W B MaTeMaTHdecKux Owmmmmapiaax. CTeHKn
OUJLIHAPIHBIX CTOJIOB CTAHOBATCH Iy BCTBUTEJILHBIMI K CUJIE yJIapa MaTepUaJbHON TOUKY (Ia-
pa). Ipyrumu cjioBamu, B 9BOJIIOIMOHHOM OUJITMAPE CTEHKU pearupyroT (KazKiast mo-CBOEMY )
HA SHEPIUIO TOUKU, YIapSIOMeics 0 cTeHKy. [Ipn Kpuruiecknx 3HAYMEHUSX SHEPIUU CTEHKH Me-
HSIFOT CBOU CBO¥ICTBa W JIBUKEHNE MaTE€PUATHHOW TOUYKN M3MEHSIETCS B COOTBETCTBUU C HOBBIM

3aKOHOM OTpazKeHUA-IIPpEJIOMJICHNA.

2. PeI‘y.J'ISIpHI)Ie N CUHTYJ/IAPHBbIEC N309HEPreTndeCcKne 1noBepxHoCTn 3BO-

JIOIMNOHHOTO OMJLINapaa

Onpenenenne 2. PeryispHoil n309HEPreTHIeCKOi 3-M0BEPXHOCTHIO (KOMILIEKCOM) Q) HA30-
BEeM IOJIMHOXKeCTBO B 4-MepHOM bazoBoM kKomiutekce T X (D;), 3amaBaemoe ypasuenuem H = h

(T. e. “ypoBeHb MOCTOSTHHON SHEPrun”), rje h — peryasgpHoe 3HAYEHNe SHEPIHH.

B unrerpupyembIx OMIIHAPIHBIX KHUXKKAX TaKue PeryagpHble 3-TIOBEPXHOCTU SABJIAIOTCS

TOIOJIOTMYECKIMHI TPEXMEPHBIMI MHOrOOGpasusamu (Teopema Beomkuuoi—Xapuepoii [4]).
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Teneps pazdepemcs, KAk yCTPOEHBI ‘CUHTYJISIPHBIE” U309HEPIeTUIeCKUE TTOBEPXHOCTH IBO-
JoroHHOro Omimapaa. OHM yeIOBHO M300parkKeHbl HA PHUC. 3 KAK 3-MEpHbIE MOBEPXHOCTH
K, K, ..., Ky. OHE COOTBETCTBYIOT CUHTY/ISIPHBIM 3HadeHusiM sueprun h = 1,2, ... N. Ilycrs
h = i — cunrynsipHoe 3Havenue sHepruu. Uepes X (i — €) obo3HAUMM JIeBBIH OGUILIHAD/HbIIH
crosi-cocrostaue, a depe3 X (i+4¢) — npasblit OrLIHapIHbBII cTOJI-cocTosiHIe. PaceMoTpuM Kakoe-
HUOY b PEOPO-KOPEITIOK 1 Ha JIEBOM 2-MepHOM cTosie X (i — €), Ha KOTOPOM cefiuac MOMEHSeTC s
3aKOH OTPayKeHMUsI, & TaKKe [MPOU30iiIyT cKieiiku. CHHIYISPHBIN KoMILIeKce-cTo1 X (i) ycTpoeH
Tak. BozbMeMm komiuteke X (i — €) U IPUKJIEUM K KOPEIIKY 7 Te JINCThI, KOTOPbIe JIOJZKHBI ObIThH
IOJIKJIEEHBI K 9TOMY KOPEIIKY IOCJIe JIAHHOTO CKavKa, T.e. B KoMmIitekce X (i + €).

Paccmorpum j1Ba “coceiaux” peryssipHbIX 3-MepHBIX MHOr00Opasus: (Q; (Ha30BeM ero Jie-
BBIM) U ();41 (HA30BeM ero mpasbIM), cooTBeTCTBYyIomuX croaaM X (i—e) n X (i+¢). Oupenennm
“3aKJTIIOYEHHY IO MEXK/Ty HUMU~ CHHIYJISIDHYIO 3-moBepxHOCTh K; (eM. puc. 3).

OcHacTUM KazKJ1yto TOUKY JILCTa KOMILIeKca-cTosia X (1) BEKTOPOM CKOPOCTH JIJIUHBI b = 1.
CravaJjia 0TOXK/JIECTBUM I10 CTAHIAPTHOMY 3aKOHY OTPaKEHUsI BEKTOPa CKOPOCTH Ha TE€X KOPeIl-
KaX, 3aKOH OTPaKEHUsI HA KOTOPBIX HE MeHsieTcs. Jlajiee paccMOTpUM KOPEIIIOK, TJ1e IIOMEHSIICS
BaKOH OTparkeHms. B Kaxk/10#f ero ToYKe MBI OTOXK/IECTBHM BCE BEKTOPA CKOPOCTU C OJIMHA-
KOBBIM HallpaBJICHHEM B TOM CJIydae, €CJIM OHM OTOXKJIECTBJIAINCH JIUOO B (), OO B (Qiy1.
[Tocentee TPUBOUT K TOMY, UTO KOHCTPYHUPYyeMasl HAMU 3-MepHas OBEPXHOCTh K; sABjseTcs
KOMITAKTHOM, OJTHAKO B HEfl MOSBJISIOTCS OCOOEHHOCTH, OTBeYalole STuM KoperkaM. O1cro-
Jla 9Ta 3-MepHad MOBEPXHOCTH YK€, BOODIIE IOBOPH, HE ABJISIETCS 3-MEPHBIM MHOTOOOpa3UeM.
OKpecTHOCTD JII0O0I TOYKN KOpPEITKa, OCHAIEHHON BEKTOPOM CKOPOCTH, B 3-MEDHO MOBEpX-
HocT K; y»Ke He romeoMOpdHA TPEXMEPHOMY JUCKY. SHAYUT, TOBEPXHOCTHL K; MoydaeTcsd nu3
HOBEPXHOCTH (); OTOXK/IeCTBICHIEM Tap (T, v) (TOUKa-BEKTOP) ¢ TeMH Iapamu (T, w), KOTOpble
JIOJIZKHBI OBITh OTOXKJIECTBJICHBI B (J;11. B KaxKI0M ciiydae HEOIHO3HAYHOCTH ITO MPUBEIET K
OTOXKJIECTBJIEHUIO TPEX Map TOYKA-BEKTOD (O/HA BXOSAIIAsT Ha KOPEIIOK U JiBe UCXO/IAIINX ), a He
JIBYX, KaK ITPOUCXO/IUT Ha KOPEIIKaX B PEryIApHOM ciaydae. VImeHHo 3ToT 3 dekT n mpuBOIuT K
BO3HUKHOBEHUIO 0coOeHHOCTH. KaK ycTpoeHa CUHTY/IsIpHAA 3-MepHAas MOBEPXHOCTh! DTO HE TO-
[IOJIOTUYIECKOEe MHOTrooOpasue, 3To KJIeTOUHbIH KoMmIieKe. OH sBiisieTcs cTpaTuUIInpPOBAHHBIM
3-MepHBIM MHOTOOOpa3ueM. Ero crparbl — 1y1aJikue MHOrOOOpa3usi.

MpI orntrcasim TOMOJIOTUIO CUHTYJIAPHON 3-MepHOI ToBepxXHOCTU K, “3aKaToil” Me¥K /1y JBY-
Ml COCEJTHUMU TOMOJIOTMYECKUME 3-MEPHBIMU MHOT00Opazuamu (; u ;1. OTMeTHM aHajaoruio
C TJIAJIKUMU UHTETPUPYEMBIMU CHUCTEMaMU C JIByMs CTeleHAMEH CBOOOJbI. Tam cuHTy/IsgpHbIE
N309HEPTeTUYeCKNEe TTOBEPXHOCTH TOYXKE 3azKaThl MEXKJIy JBYMS ‘COCEHUMU  PETYJIAPHBIMU 3-
MEPHBIMU TTOBEPXHOCTSIMI TIOCTOAHHON sHeprun. JIJis riiaIkux cucTeM CHHTY/ISIPHOCTD 3-MePHOI
MIOBEPXHOCTHU O3HAYaeT, BOOOIE TOBOPS, UTO OHA YK€ He sABJISeTCd TVIAJKIM MHOTO00pa3neM,

Ha Heil grad(H) BbIPOXKIaeTCs B HEKOTOPBIX TOYKAX.
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3. bunauapanbie MIOTOKM HA CUHTYJISAPHBIX N309HEPreTuYeCcKnXx 3-Mep-
HBIX MOBEPXHOCTIAX 3IBOJIIOIMOHHOTO Omimap/a. Pacnan-mesenue
OmIMap/IHOTO Iapa Ha ABa Iapa Ha CAHTYJISPHBIX OWMJIINAPIHBIX

2-MepHBIX CTOJIaX

Tenepb MOYXKHO TOHATD, KAKOHN “IBY3HAYHBIN IOTOK~ TOPOXKJIAIOT HA CUHTYIAPHOI ITOBEPX-
Hoctu K; “cOimmkaromuecs” OMITHAPIHbIE TIOTOKU Ha 3-MEPHBIX MHOr000pas3usax (); u (Q; 1, KO-
rja oHu “crpemsrcs’ (cjeBa M crpaBa 1o h) K 3axKaToil MexKry HuMHU rnoBepxHoctu K;. I'py6o
TOBOPSI, KaXK/JIbIIl 13 9TUX MOTOKOB MTOPOXKIAET IOTOK Ha CHHTYJISPHOI ToBepxHOCTH K, HO 9TH
pejie/TbHbIE TIOTOKK pa3/indHbl. Ha Kopermkax, 1ie 3aKOH OTpaKeHnsT MEHSIETCs TOCIe CKavIKa,
HEBO3MOYKHO KOPPEKTHO OTPEJIE/IUTh TPAEKTOPHIO IIapa MOCJIe OTPAKeHNUs / TPETIOMIIEHUS (CM.
puc. 4). Mbl 3HaeM, kak Bejier cebs map Ha jeBoM X (i — &) u npaBoM X (i + €) Guimapaabx
cronax. [Ipm gocTuskeHUM JAHHOTO KOpPEIIKa IMap JI0 W IOC/e CKadKa [IePEeXOJUT Ha PasHbIe
JICTHI (HA TPABOM U Ha JIEBOM CTOJIAX).

HedopmasibHo ToBopsi, Ha CHHTYIIPHOM KOMILTEKCe-cTosie X (1) mociie mepecedennst SToro
KOpEIKa TPaeKTOpU Iapa “pasiBanBacTcsd , T. €. IMap UJIeT KaK Obl 10 JBYM JIUCTAM OTHOBpPE-
MeHHO (cM. puc. 4). Cre0BaTeIbHO, MOKHO CIUTATD, UTO IIAP, YAAPUBIINCH O TAKON KOPEIIOK,
“packajibiBaeTcs’ Ha JIBa, U KayKJbIil M3 HUX “HAUYMHAET *KUTb COOCTBEHHON »Ku3HBIO . lTak,
KOI'/Ia 3HAYEHNEe SHEPIUU h CTAHOBUTCS PABHBIM ¢, HA CHHTYJIAPHOM 2-MEPHOM CTOJIe BOZHUKAET
pacraj (Jieserne) GUILTHADIHONO Iapa Ha JBa mapa. KayKiplii W3 HUX JBUXKeTCs “TI0 CBOe-
My JIACTY. SHAUUT, COTMKAIONINECS OUJITAP/IHBIE TTIOTOKU Ha PETY/IsiPHBIX M309HEPTeTHIECKIX
MOBEPXHOCTAX ‘calisiTcsd’ B Ipejiesie Ha CUHTYJIAPHYIO MOBEPXHOCTH K; M MOPOXKIAIOT Ha Hei
“BerBsiuiicss ToToK . BerBiienne nHynupyercs jeneHneM (paciaioM) mapa Ha JBa B MOMEHT
yapa O KOPEIIOK 7. DTa CUTyalldsl IPOUCXOINT TOJTBKO HA TeX KOpeITKaxX-CKjeifiKax, Ije Me-
HsIeTCS 3aKOH OTParKeHWs IMPH CKadke. “DjeMeHTapHas JacTHUIa’ IMPHU 9TOM paclaIaercs Ha

IBe.

Puc. 4
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B ciiyuae rajkux cucreMm Ha CHHIYJISPHON M309HEPTETUYECKON MOBEPXHOCTU BO3ZHUKAET
raMU/JIBTOHOB TIOTOK ¢ OCOOEHHOCTSIMU, JIMKTYEMBIMUA OCOOEHHOCTSIMU ITOW ITOBEPXHOCTU. DTOT
IIOTOK OJIHO3HAYEH, B TOM CMBIC/Ie, UYTO B KaK0i (pa30BOil TOUKE IMOBEPXHOCTHU “‘CUIUT  OIUH
BEKTOD. A JIJIsI 9BOJTIOIMOHHBIX OUITHAP/IOB TOTOK HA CHHTYJISIPHON TTOBEPXHOCTH TOXKE OCOOBII,
HO TYT OH cTaHOBHUTCHA BeTBsmmmMcst. Oun nHabop ero “Berseil’” mpuxoaut “ciipaBa’, a BTOPOI
nabop “Berseil”’ mpuxouT ‘ciea’. lloaTomy 31ech B KaxKJIOW CHUHTYJISPHON (ha30BOil TOUKe

“cunat” IBa BEKTOPA.

4. PeaJ'II/IBaI_[I/Iﬂ CIJIOBBIMM 6I/I.J'I.TII/Iap,ZLaMI/I n3BECTHLIX CUCTEM MaTeMaTn-

qeckoii ¢pu3uku cpa3y Ha BceM (Hpa30BOM 4-IIPOCTPAHCTBE

Curenyromue Teopembl fokasanbl B.B. BemomkuHoit 1 aBropom (em. mogpobroctn B [1,2]).

Teopema 3 (ciyuait Diisepa). Cywecmeyem (cmpoumces A6HbM 00pa30oM, cM. puc. b) uH-
mezpupyemuiti cun060t GUAAUAPO, HOCUMEAD KOMOPO20 20MEOMOPHEH SANUNCOUY, U KOMOPLLL
peasuzyem (6 CMuICAE AUYBUALEE0T, IKEUBAACHINHOCTIU) USGECTNHBIT UHMEPUPYEMBIT CAYHaT
Dlsepa 6 JuHAMUKE MAKNCEL020 MEEPI020 Merd cpasy na 6cem Pazo6om mroz006paszuu M,
M. €. HA 6CET €20 PERYAAPHBIL U30IHEP2EMUMECKUT 3-NOGEPTHOCTNAL ONA 6CEX PE2YNAPHDIT 3HA-

yenuti napamempos cucmemv, g u h. 3decv g — anavenue unmezpasa niowaded.

a) O 6)
| g=const
; |
R P] i
vV | [s'xs?
S'%s i
@ 25"\ | /s
7/ | g
a0

Hamomuuwm, uto ciy4dait Jlarpamnzka, JTOMyCKAIONIUN JTUHEHHBIH UHTErPaJl, OIUCHIBACT JIBU-

2KeHrne OCECUMMETPUYIHOT'O TA2KEeJIOT'0 TBEPAOro TeJja C SaerHJIeHHOfI TOYKOI Ha OCH CHUMMET-
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puu. M3BecTHO, 9TO B 3aBUCUMOCTH OT 3HAYCHUIT TAPAMETPOB, CYIIECTBYET YeThbipe TUia oudyp-
KAIMOHHBIX jrarpaMM. OKa3asioch, ITO 3/1eCh €CTh POBHO IISITh PA3JIMIHBIX TUIIOB CUMILIEKTH-

JecKknux 4-ymctoB. i Becex HUX yIaI0Ch OOHAPYKUTH PEATUIYIOIINE CUIOBbIC OUJLIAAP/IbI.

Teopema 4 (ciyuait Jlarpanxka). HAumezpupyemviii cayywati Jlaepanorca na xastcdom ceoem pe-
2YNAPHOM cumniexmuveckom 4-asucme M ; peasusyemcs (6 CMobiCAe AUYSUANEEOT IKEUBANEHTN-
HOCTW) 00HUM U3 NOCTMPOEHHHT HAMU (8 A6HOM 6ude, M. puc. 6) NAMU CULOBHT GUALUAD-
008, Y KOMOPLLT OUNAUAPIbL-COCTNOAHUA 02DAHUNEHD KOHUEHMPUHECKUMU OKPYHCHOCTAMUY (U
NOMOMY UHMELDUPYEMDL 8 KAHCOBIT MOMEHM, IBONOUUL) .

S \
\ N g

R e
S C—>
Puc. 6

[Iponedopmupyem cemeiicTBO cOOKYCHBIX SJIIUIICOB M T'MIIEPOOJ B CEMECTBO KOHIIEH-

TPUUYECKUX OKPY’KHOCTEH U paiabHbIX JIydeii (yerpeMisis (DOKYChl IPYT K JAPYTY).

Teopema 5. Vkasannan depopmavusn coporychovir 6usiruapdos 6 kpy206ve busiuapdv. nepe-
600um cun0601 6UAAUGDPD, PeasudyOWUT CAYHat JUrepa, 68 HOBbIT CUA080T OUNAUGPD, TONHBIT
HAOOD AUYBUANEBBIT CAOEHUT KOMOPO20 COBNAJGEM, € NOAHBLM HAOOPOM AUYEUANEEDIT CAOEHUT
cayuas Jlazpanorca (0an ecex e2o mpex munos uzoanepzemuyeckux 3-noseprrocmeti). Taxue
CUCTNEMDL ML HA3BLEAEM “DUAANUGPOHO IKEUBANEHTVHBLMU .
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Obnapy:kenHoe “mpesBpailieHne’ ciaydas Jilyiepa B ciaydaii Jlarpam:ka He nepeBoguT 4-
MEPHBIN CUMILIEKTUIECKHIT JINCT CIydas Jditjiepa B KaKOW-1ub0 U3 MATH TUIIOB 4-MEPHBIX CHM-
IJIEKTUIECKUX JINCTOB ciydas Jlarpamka. Ono ycrpoeno cioxuee. VIMeHHO 9TO He TTO3BOJISLIIO
paHee 3aMeTHTH “TIpeBpallieHre’ STHX M3BECTHBIX CHUCTEeM JIPYT B Jpyra. Tem He MeHee, oKa-
3aJIOCh, YTO TOJIHBI HAOOP JIMYBUJLJIEBBIX CJIOCHUI CiIydas Diljepa IpeBpaIlaeTcs: B IOJIHBII
Ha0OOP JIMYBHUJILJIEBBIX CJIOeHUN cirydas Jlarpam:ka. CHadaaa morpeboBaaIoch OOHAPYKUTH B CIIy-
Jae Ditiepa “cKpbITbIe cOOKYCHBbIE KBJIPUKK , a B ciydae JlarpaHxka oOHAPYKUTD ‘CKPBIThIE
KOHIICHTPUYIECKHE OKPY2KHOCTH . TakuM oOpaszoM, UMeHHO jiechopMarius copOKyCHBIX KBaJIPUK
B OKpyzkHOCTH (1ipu comsianu GoKycoB) u “nipeBparnaer” ciydail Ditepa B ciaydaitl Jlarpamxa.

Taxxke oOHAPYXKEHBI CUJIOBBIE OWLIHAPIBLI, PEAJIU3YIONUe UHTErPUPYEMbIi Cirydai
lopsrueBa—YHambirnaa—CpeTeHCKOr0  OJTHOBPEMEHHO HA  HECKOJIBKUX — U309HEPTeTUIECKIX

3-MOBEPXHOCTSIX B COOTBETCTBYIOIMIMX 4-MEDHBIX PEryJIsipDHBIX 30HAX sHeprun (cM. [2]).

5. bunamapapl ¢ TpocKaJIb3bIBAHNEM

ABTOpOM BBEJICH KJ1acc OU/LINAp/I0B ¢ IpoCKasb3biBanueM. [IpuBeieM ux ompeieieHue u
IPOrPaMMy HCCJIeIOBaHNUil, IpetozKeHHy o UM B [5,6]. IlycTs JaHbI 1Be KOMIAKTHBIE, TIOCKHE
(mm srokaIbHO 1IocKue) obmacti X U Y ¢ eBKJINMI0BOMN (MM JIOKAJIBHO €BKJIMIOBOI) METPH-
Koif. IIpemmoioKuM, 9T0 Cpejin CBI3HBIX KOMIIOHEHT MX IJIAJKON TDAHUIIBI CYIIECTBYIOT JIBE
KOMITOHEHTHI (ojiHa Ha X, BTOpas Ha Y') OJIMHAKOBOI JIJIMHBI, KOTOpble Mbl 0003Ha4YNM 0X U
JY (ocrajbHBIE KOMIIOHEHTBI TPAHUIIBI MBI cefiuac He paccMarpuBaeM). Hampumep, B KadecTse
obJracTeil MOYXKHO B34ATb JIUCKU WU KOJbIla, ik juctbl Mebuyca. [lycTh, jmig nmpocToTsl, obe
00JTaCTU OPUEHTHUPYEMbI. 3a/1a/ MM Ha KayKJI0W U3 HUX OPUEHTAIMIO U BHIOEPEM COIJIACOBAHHOE
C Heil HampaBjieHre 0OXO/a IPAHUIBI (KacaTeIbHBI BEKTOP U BHEIIHSIST HOPMAJIb COCTABJISIIOT
HOJIOKATEJILHBIN 6A3MHC).

Sagaaum riaakyo nzomerpuio F i 0X — 0Y cBa3HbIX rpaHudHBIX KpuBbiX 0X u JY,
COXPAaHSIIOIYI0 HallpaBaeHne o0xoja 3TuX KpuBbiX. Ilycts Touka A € 0X orobparxkaercs B
touky B = F(A) € 9Y. Torna touka A; € 0X, orcrosiias or Toukun A Ha paccrosiuue | B
Hanpas/ennn ooxoma 0.X, orobpasurcs B Touky B; € Y, orcrosiieit or Toukn B Ha paccTosiHie
| B HanpaByiennu 06xoa 0Y .

Cxitenm komiteke Z = X Up Y u3 obsacreit X u Y myTeM OTOXKIECTB/IEHUS] BBIOPAHHBIX
CBSI3HBIX KOMIIOHEHT UX I'paHul] 1o n3omerpun F. Samerum, uro X u Y 0OCTalOTCA JIOKAJIHHO
IJIOCKIME BO BCEX CBOUX BHYTPEHHUX TOYKAX, HO Z He 00si3aH M30METPUIHO BKJIA/IBIBATHCS B
R3. Hampumep, Takoii KOMILIEKC MozKeT ObITh romeoMopden chepe, ecmun X u Y 6bLiu romeo-
MOPMHBI JTUCKAM.

BamycTuM Ha MOJIyYeHHOM KOMILIEKCe OM/IINAp/I: IMyCTh MaTeprabHas TOUYKA MPSIMOJIHI-
HeHO JIBMzKeTCcdA 110 objiacti X U TONaJaeT B TOYKY T Ha BBHIODAHHON CBSI3HON KOMITOHEHTE
0X ee rpaHuIlbl 1OJ HEKOTOPBIM yIJIOM . OTMeTHM, 9TO OpMEHTHPOBAHHBIN yIOJ (v YI00-
HO OTCYUTBHIBATH IIPOTUB YaCOBON CTPEJIKU OT KACATEIbHOTO BEKTOPa K rpaHuiie 0X II0CKOro

MHOKeCTBa, X, B3ATOI0 B HalpaBJieHHN o0OXoja 3Toil rpaHuIibl. lajiee dacTuia mepexoanT Ha
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061acTh Y ¥ IIPOJIOJIZKAET CBOE JBIZKEHIE, CTAPTYS U3 TPAHIIHOl ToUKN iy = F(x) obsactn Y u
BBIXO/[ U3 Hee 10/l OPUEHTUPOBAHHBIM YTJIOM 27 — (v K I'PaHUIle (ONpe/IeJeHHBIM aHAJTOT U THBIM
obpazom). Hamomumnm, aro KoMIuteke Z ckieeH u3 AByX “aucto” X u Y ¢ OTOXKIeCTBICHIEM
ux rpanuil. MarepuajbHas TOYKa, MoNajas Ha TPAHUILY, IEPEXOJIUT C OJHOTO JIKCTA Ha JIPYTOii
simct. [Ipu Bo3BpallleHnn Ha UCXOMHBIN JUCT OHA BBIXOIUT U3 TPAHUTHON TOYKH, OTJIUIHON OT
TO, B KOTOPOii OHA 3TOT JicT nokuHysa. Habto/1as 3a IBUKEHNEM TOYKA HA OJHOM JINCTE, MbI
BUJIVM, 9TO TOYKA, MO Iast Ha TPAHUILY, TPOJIOIZKAET CBOE JIBUKEHHE, “TTPOCKAIB3bIBAs BJIOJIh
rpaauibl. Ha sToMm ocHoBanmu Omiummap Z HAa30BEM “ OUAAUAPOIOM € NPOCKANLBIBAHUEM .

[ToBTOPHUM, UTO TOT IPUMED SIBJISIETCS IaCTHBIM ciIydaeM OoJjiee 001eit KoHCTpyKinn. B
kadecTBe obacreit X u Y MOXKHO paccMaTpuBaTh HEOIHOCBA3HBIE 00JIACTH, TPAHUIA KOTOPBIX
COCTOUT M3 HECKOJIbKUX KOMITIOHEHT, TOMeOMOP(MHBIM OKpyKHOCTsM. [Ipn ckiieiike Takux obJ1a-
CTell HEKOTOpPbIe T'PAHUYHbIE KPUBBIE CKJIEUBAIOTCA C ITPOCKAIB3bIBAHUEM, 8 HEKOTOPbIe — 0e3
IIPOCKAaJIb3bIBaHUs. Bojiee TOro, MHTErpupyeMocTb OUJIINAPJIOB MOCe JT00aBICHUS TPOCKAJb-
3bIBaHUA OOHAPYKUBAETCS JJIs HEIIOCKUX OMJIIMAP/IOB, HAIIPUMED, MHOIUX TOIOJOITIECKUX
OuJLIMap/I0B 1 OUJIINAP/IHBIX KHUKEK, BBeIeHHbIX B.B. BeJiomKuHoit 1 nMeonux Hy >KHbIe CUM-
METPHH.

Tpebyercs onucaTh HHTErpUpyeMble OUJLTHAP/IBI ¢ IPOCKAIB3bIBAHUEM U U3YYUTH UX TO-
[IOJIOTUYeCKHe MHBapuaHThI. VIHTepecer BOIpOC: JIjisi KAKUX 3HAYEHUH YTJIOB ITPOCKAIb3bIBAHUS
U I KaKuX OWJLIMapHbIX CTOJIOB Bo3HUKaeT 3ddekT murerpupyemoctu! KommbioTepHbie
9KCIIEPUMEHTHI MTOKA3BIBAIOT, UTO JIJIT HEKOTOPBIX 3HAYEHUI YIJIOB TPOCKAIB3bIBAHIS BO3SHIKA~
oIKe OWJITUAP/IBI He ABJIAIOTCH WHTEIPUPYEMBIME, TPACKTOPUHU OUJLIMap/IHOTO IMapa “‘XaoThud-
HBI .

PaccmoTpuM fi71s1 ipuMepa 110cKuii OM/LInap/i B 3JUIAICE, TJie OMLIHapHbIi “map”’, yia-
PUBIIIHUCH O I'paHUIly B Touke X, “IlepecKakuBaeT’, “NPOCKaJIb3bIBACT B TOYKY Y, yIAJEHHYIO
BJIOJIb TpaHuIlbl OT Toukn X Ha paccrosuue F'(X), rme F' — Hekoropast QyHKIHUS, TOCTIE 9€ro
OMJLTUAPIHBIH “TIap” BBIXOJUT U3 TOYKU Y TIOJ TEM K€ yIJIOM, ¢ KAKHM OH BOIIE/] B TOYKY
X. Bormpoc: korja Takoit OMIbsap ¢ IPOCKaIb3bIBaHUEeM Oy/IeT UHTerpupyeM? DTy Ke 3a1ady
MOXKHO MOHUMATh €Ile Tak. PaccMoTpuMm, HAIpUMED, JIBa NU30METPUUHBIX IJIOCKUX JIIUIICA U
CKJIEUM WX I'DAHUIIBI TOCPEJICTBOM HEKOTOPOIT m30MeTpuu (T. €. M30METPHIHO HAJOKHUB JIPYT HA
JIpyra paHuIHbIe JYTH). 3/€Ch TOJIYYUBIIHiics GUIbsp/] romeomopden cdepe. Bummunapanbrit
map, IolaB Ha IPAHUILy IIEPBOIO JLIUIICA, TEPEXOJIUT Ha BTOPOW SJIINIIC, JBUXKETCA 110 HEMY,
JIOCTHTaeT T'PAHUIbl U B PE3yJIbTaTe BHOBb IOABJSETCS B mepBoM 3jutuiice. C TOYKU 3peHust
IIEPBOT'O IJLJIMIICA BO3HUKAET “IpOCKaJ/Ib3bIBaHUE Iapa’’ BOJb I'paHuilbl. Hanpumep, ecim mpo-
CKaJIb3bIBAHNE SBJISETCS MEHTPAJBLHO CHMMETPHYHBIM OTPAYKEeHUEM TDAHUIHOTO JUIUICa (T. €.
paJinyc-BeKTOP TOYKHN MoBopadnBaercst Ha 180 TpajycoB), TO MOJIYYUBIIHIACS GUILTHAD]L C TIPO-

CKaJIb3bIBaHUEM OyJIeT UHTEIPUPYEM.
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6. NInrerpupyemblie OuJinap/abl ¢ MPOCKAJIb3bIBAaHUEM

3/ech MBI BKpaTile WU3JI0KAM HWHTEpPECHBbIe Pe3yJIbTaThl, HEIABHO IOy IeHHbIE
B.B. Bemrommkunoit u B.H. 3aBbsiioBbIM.

PaccMorpum B KavdecTBe puMepa IJI0CKUi juck uin sjauric. [Iyers F' — uzomerpus rpa-
HUIIBI, IIePeBOJIsINas IPAHUIHYI0 TOYKY I B JUaMeTPaJIbHO IPOTUBOIIOJIOXKHYIO €if TOUKY .
DTO 03HAYAET TMOBOPOT PAJNYC-BEKTOpa TOYKHU X Ha yroj 7. MarepuajbHas TOYKA, JBUTASICH
HMPSAMOJIMHENRHO 110 00JIaCTH U TT0Na/[asi Ha ee IPAHUILY T0JI YIVIOM (v, BBIXOJUT U3 JHaMeTPaJib-
HO IPOTHBOIOJIOXKHOM TOYKH IO/ TeM »Ke YIJIoM «v. Takue OumImap/ bl BbIe ObLIM HA3BAHbI

OUANUAPIAMU € NPOCKANDIBIBAHUEM.

Puc. 7. Ilpumep: 3BeHbsI TpaeKTOpUU OUJIIHAPIHOIO IIAPa B IJLIUICE C ITPOCKAIbL3bIBAHUEM HA yTOJI 77
JIO ¥ TI0CJIE yJiapa O TPaHUILy

Pacemorpum pumanoBo muoroodopasue M. Ha ero kokacaTeibHOM PacC/lIOeHUN €CTeCTBEH-
HO BO3HHUKaeT I'aMHUJIbTOHOBA CUCTEMa — Ie0Je3UYecKHuil IMOTOK PUMaHOBOW MeTpuku. Borpoc
00 MHTEIPUPYEMOCTHU TaKOW CHCTEMBI JIjI JIBYMEPHBIX aHAJUTUICCKUX KOMIAKTHBIX 03 Kpasd

MHOTO0Opasuit b1 penten B.B. KoszoBbiM. A mMmerHO, BepHa ciIeayomast

Teopema 6. [Iycmo dsymeproe KOMNAKMHOE CEAZHOE 3AMKHYMOE GHAAUMUYECKOE MHO2000D0-
3UeE ¢ OMPUUAMENLHOT MUNEPOBOT TAPAKMEPUCTNUKOT CHADHCEHO AHAAUMUYECKOT PUMAHOBOT]
mempuxot. Toeda zeodezurveckutdl nomox Mot MEMPUKU HEUHMEPUPYEM 6 KAACCE GHANUMU-

UECKUT UHINESPANOE.

TakuM 06pa3oM, HHTErpupyeMble Teoe3ndecKie MOTOKU CYIIeCTBYIOT UL Ha cdepe S2,
tope T? u ux daxropax 1o Zs, T.e. Ha HIpoeKTUBHOI miockoctu RP? u na 6yTouike Kieitna
KL?. Ha 2-noBepxHOCTAX GOJILIIETO Pojia TAKUX IOTOKOB HET.

Cradajia, B KadecTBe NPUMEPA, PACCMOTPUM OMJLIAAD/T B IJIOCKOM JIUCKE C ITPOCKAJIb-

3bIBAHUEM. DTOT OWJLIMAP/] UHTETPUPYEM, U €ro TOIOJOIMICCKUl THUIl 3a/1a€TCsd NWHBAPUAHTOM
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®omenko-1lumanra, Tak Ha3bIBAEMOil MeUeHOI MOJIEKYJION (rpad ¢ HEKOTOPBIMU YUCIOBBIME
merkamn). Cripasa Ha puc. 8 nokaszan uasapuanT Pomenko-Ilumanra nanHoro 6GuIMAPIA, BbI-
qncyennbiii B.B. Bemomkunoit u B.H. 3aBbsiosbivm. OkasbiBaeTcst, 3Ta MOJIEKY/Ia COBIIAIACT C
MOJIEKYJION OJIHOT'O U3 JINHEITHO NHTEIPUPYEMBIX T'€01e3MYeCKNX ITOTOKOB Ha ITPOEKTUBHON ILJIOC-
KOCTU, CHAOYKEHHOI CTaH/IapTHO JIOKaJIbHO cdheputeckoit Merpukoil. [losTomy B cuiy obieit
teopun Pomenko-l{umranra mocTpoeHHbIN OMLIMAP] ¢ MPOCKAJIB3bIBAHUEM JIMYBUJLIIEBO SKBU-
BaJICHTEH YKA3aHHOMY I'e0JIe3MTIeCKOMY MTOTOKY Ha MPOEKTUBHON IJIOCKOCTH. 3/1eCh TPeXMepHAast

M309HEpreTuIecKas MOBEPXHOCTh TOMeOMOpdHa JTMH30BOMY TpocTpancTBy L(4, 1).

A

A

Puc. 8. bummapa B IJIOCKOM JINCKE C IMTPOCKAJb3bIBAHUEM, JTUYBULJIEBO SKBUBAJIEHTHBIN OJTHOMY U3
reoJIe3NUECKUX TI0TOKOB Ha MPOEKTUBHOM MJIOCKOCTU (& MMEHHO, OTOKY CTAHJIAPTHON JIOKAIBHO Ce-
PHYECKOI METPUKM ), HHTETPUPYEMOMY IIPH TIOMOIIH JIMHEHHOTO HHTErPaJIa

Kak okazasioch, Bepen ciieytomtuii oomuit pesyssrar (B.B. Bemgomkuna, B.H. 3aBbsiios).
Bunmapaabie cTOIBI ¢ MPOCKAIL3bIBAHUEM, TOMEOMOP(]HbIE TPOEKTUBHON TIJIOCKOCTH WA OY-
TeIIKe KileitHa, OKa3bIBaeTCsl, MOJIEIUPYIOT WHTEIPUPYEMbIE T'e€0JIe3UYeCKHUe IMMOTOKA Ha ITUX
2-TIOBEPXHOCTAX C MHTerpajamu crenenn 1 um 2. HamomumM, 9T0 MedYeHbIE MOJIEKYIBI COOTBET-

cTByomux cioennit Jlmysusnsg obumn Beraucensl B.C. MarBeeBbiM.

Teopema 7 (B.C.Marsees). A) ITycmov na oymuake Kaetina zadana (L, g)-mempura euda
g(y)(dx® + dy?), 2de enadxan dymxyua g ne nocmosnna. Tozda caoenue JIuyeuara aunelino
UHMEZPUPYEMO20 2€00€3UMECK020 NOMOKA HG U30IHEP2emuveckotl 3-noseprrocmu () 3adaemcs
MeUeHoUu Mosexkynot, nokadanrol Ha puc. 9 cnpasa.

B) ITycmv na npoexmuenoti naockocmu 3adana mempuxa ds®* = d6* + f(0)dp?. Toeda
OMBEHANOWLAA AUHETHO UHMEPUPYEMOMY 2€00€3UNECKOMY NOMOKY MAKOT MEMPUKU MEYEHAA
monexyaa W orsa cayuas npoexmusHol naockocmu nokadana Ha puc. 9 caesa. Ommemum,
wmo 6 amuxr meuenux epadar-morekyraxr (unsapuanmazr Pomenrxo—Lluwarea) npucymemey-
1om moavko amomos (budyprayuu mopos Juysuais) cneyuasvrozo euda By, Bl u Br*. 9mu

epadvi-unsapuarmolL 06.Aa0a10M CAIYIOULUMY YUCAOBBLMU MEMKAMU.

e Ha snympennux pebpaz epagos W (f) u W(g) (em. puc. 9) memru makxosw. Ha pebpax
MENHCOY CEONOBVMU AMOMAMU T-MEMKU pasHvl beckonevwrnocmu. Meotcdy cedrosvimu amo-
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MaAMU U amomamu A memru r pacHdv HYA10, 34 UCKANOHYEHUEM TMET CAYHAEE, Ko020a amom

1
A omeeuaem nenodsudsicroti mouwke UHB0ANUUU. B amowm CAYYAE T-MeEMKA PABHA — .

e Ha eduncmeentom yermpanvrom pebpe, coedunaowem 06a sxzemnaspa mosexysoe W(f)
uau W(g), memxa r pasha beckonewnocmu, a memka € pasha —1. 3decv umeemcs posro
001G cemba, cosnadarowas co ecetl mosekysot W, us xomopot 6bibpouLeHv, 8Ce KOHUCEDLE

amomvr A. Memxa n na amoti cemve pasha —2.

1
e Koauuecmeo 36e300uex u MEMOK 5 6 CYMME pPacHOo 06yM 0NA 2€00€3UMECK020 NOMOKA HA

NPOEKMUBHOT NAOCKOCTU U YEMBIPEM 6 cayyae bymuiary Kaetina.

n=—2 n=—2

Puc. 9. Meuensie mostekysibl (naBapuanTbl Pomenko-Ilnimanra) reose3naeckux MOTOKOB € JIMHEHHBIM
MHTErpajioM Ha IIPOEKTHUBHOI maockoctn (ciesa) n OyTouike Kireitna (cmpasa). 3mecs rpadsr W (f)
u W(g) ormmunst or aroma A. Hekoropsle MeTkn Ha 5THX rpadax cupasa U CJIeBa Pa3jIngHbL (CM.
Teopemy 7)

Koncrpyupyst KpyroBbie TOMOJIOrHYECKUE OUILIMAP/IBI C IIPOCKAIb3bIBAHUEM, COCTOSIINIE

U3 JIMCKOB M KOJIEIl, TIOKa3aHHBIX Ha puc. 10, yIaJoch H0Ka3aTh CIEIYIONLYyI0 OO0 TEOPEMY.

Teopema 8 (B.B. Bemomkuna, B.H. 3aBbsiios). Jobot esadkut unmezpupyemuviti 2eodesue-
CKUl NOMOK HA 08YMEPHOM HEOPUEHMUPYEMOM MHO2000pasuu (m. e. na 6ymowike Kaetna uaiu
NPOEKMUGHOT NAOCKOCTIU), 004a0a10UUT AUHETHBIM N0 UMNYACAM JONONHUTNEALHBIM UHITE-
2PANOM, NUYBUNIEBO IKEUBAAEHMEH OUNAUAPIY C NPOCKAALIVEBAHUEM, CKACEHHOMY U3 HEKOMO-
D020 YUCAG NAOCKUT OUAAUAPA0S (AUCTNOB), 02DAHUNEHHDIT KOHUEHMPULECKUMU OKDYHCHOCTIA-
mu. IIpu amom aunetinolt unmezpas makxozo nomoka c800UMCA K KAHOHUYECKOMY NUHETHOMY
uHmezpany Ha obussuapde, KOMOPvIM ABAAEMCA Y204 MedHcdy mpaexmopuet: wapa u 2paruyert

2106020 KOADUEBO20 UAU KPY206020 6U/L./LU(Ide020 AUCTNA-CIMONQA.

Kommenrapuii k puc. 10. [Tokazaubl 6umapabl-JIuCcThl, 13 KOTOPBIX COCTABJIEH (CKJIEEH )
OMLIMAp/I, SKBUBAJCHTHBIN JTUHEHHO MHTETPUPYEMOMY T'€OJe3MYECKOMY IOTOKY Ha HEOPHUEH-
THUPYEMBIX MTOBEPXHOCTAX. B BepxHeil cTpoke puc. 10 Ha OMIIMADIHBIX CTOJAX BBEJEHO IIPO-

cKkaJib3biBaHue (T.e. IeHTpajibHoe oTpazkenue). Ha BepxHeM KoJiblie C/ieBa MPOCKAIb3bIBaAHUE
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BHYTPEHHEH IpaHule KOoJbla.

3a/1aHO Ha BHEIIHE I'paHuIe. Ha BEPpXHEM KOJIbIE CIIpaBa IITPOCKaJIb3blBaHUE ITPOUCXOJIUT Ha
d ]
HWHEONKTHEHAA Ah j(:: A.}‘ .
d
Puc. 10. B BEPXHUX 6I/LHJH/Iap,Z[HbIX KOJIbIIaX BBEJAECHO IIPOCKaJIb3bIBAHUE. Ha sneBom BEPXHEM KOJIBIIE

MPOCKAJIb3bIBAHIE 33/IAH0 Ha BHeIHe rpanuie. Ha nmpaBoM BepxHEM KOJIbIIE MPOCKAJIL3bIBAHNE IIPO-
HUCXOUT Ha BHyTPEHHEeH I'paHulle

Ecan y KpyroBbix 6mummapa0oB KAHOHUYIECKWH JIOTIOJTHATETHHBIN HHTErPAJT ABJISETCS JIH-
HEHHBIM, TO y JUINIITUKO-TUIIEPOOJINIECKIX OUIINAPIOB KAHOHUYecKuii nurerpas (T.e. mapa-
MeTp COOKYCHON KBaJIpUKM) yiKe KBaJpaTudHblil. JlaHHbli (hakT MO3BOJISIET HAM MOJIETUPO-

BaTb KBa/JpPaTUYIHO MHTEIrpUpyeMbI€ I'eOIe3NICCKUE IIOTOKU Ha HpOeKTHBHOﬁ IIJIOCKOCTH.

Teopema 9 (B.C.Marsees). ITycmv Ha npoexmuenoti niockocmu 3a0ana 2Aa0KAA MEMPUKAQ
ds?* = (f(z) + g(y))(dz* + dy?). Taxoti zeodesuneckuii nomok unmezpupyem npu NOMOULU
Keadpamuunozo urmezpasa. Omeevwarou,as amomy nomoxky mevenas morexyaa W noxazana
wa puc. 11. B smuzx epagaz-monekyiax npucymemeyiom moavko amomos (6udyprayuu mo-
pos Jluysuans) cneyuanvrozo suda B, u B. IIpu amom wucaosvie Mempuru Ha MOAEKYAAT
umerom caedyrowuti 8uo.

e Ha enympennux pebpax nodepagos W(f) u W(g) memru maxosw. Ha pebpax mesrcdy
CEONOBBLMU ATMOMAMU T-MEMKY PacHb, beckoneunocmu. Mescdy cedaosvimu amomamu

u amomamu A memxu r pasHbv, HYNN0, 30 UCKANOHYEHUEM TNET CAYHAES, xo2da amom A

1
omeeuaem HenodsuNCHOT mouke UHBO0AUUU. B amom CAYHAE T-MEMKA PABHA — .

o Ha ocmaswuzca wemwupex pebpax memxu yrxazarv, na puc. 11.

1
o Koauuwecmeo 36e300uex u Memox 3 68 CYMMe PasHo Yemuipem: no 00Hol 6 KaxHcAoMm Noo-

epagpe W (f) uau W(g).
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Puc. 11. Nupapuantel @omenko—Ilunranra g KBaIpaTUIHO HHTEIPUPYEMBIX T'€0/IE3NIECKNX TTOTOKOB
Ha MIPOEKTUBHON IJIOCKOCTH

Camas mmpocrtast MOJIeKyJia Ha puc. 11 ciaeBa MojeupyeTcs OULIuapioM B 00J1acTh, orpa-
HUYEHHOW 3JUIMICOM C MPOCKaJb3biBanueM (cM. puc. 7). OcrajabHble JBe MOJIEKYJIbI, Oojiee
CJIOZKHBIE, PEATU3YIOTCS CIIeIUAIBHBIMU OMJITHADIAMEI TOMEOMOP(MHBIMHE JIUCKY, COCTaABJICHHOMY
(CKJIeeHHOMY) U3 9JIeMEHTaPHBIX OUIHAP/IOB, TIEPEYNCIEHHBIX Ha pUC. 12, IpuYeM Ha IPaHUIe
IIOJTY YUBIIIEr0Cs JTUCKA BBOJUTCS IMPOCKaJIb3biBaHne. KoHKpeTHbIe TpaBu/ia CKJICHKH “d/1eMeH-
TapHbIX Kupiuueii” omucansl B padore [6]. Onumem ux kparko. Mosiekysia mocepejuae Mo/ie-
JIUpyeTCsl OMJLIMAPJIOM, KOTOPBIN CKJICEH U3 JUCKA W KOJIEIl, OTPAHMIEHHBIX JIBYMS SJLTUIICAMH,
TaK Ke, KaK U B CcJydae JIMHEHHOro mHTerpasa. Jadg MOJIeKy/bl cipaBa U3 JIBYX MOJOBUHOK
quckoB (A1) u obsacreil Ay mocsei0BaTeIbHO CKIENBAECTCSI JUCK 110 BEPTHKAJIBHBIM OTPE3KAM.
AnajlorngHo cKjenBaioTcs Kosblia u3 By u By. Jlasiee ckienBaercst OuLmmapaHblii CTOI TakK XKe,
KakK 1 JI0 9TOTO.

Teopema 10 (B.H.3asbsion). Jlo6ot 2sadkuti unmezpupyemoili 2e0de3uneckutl nomox Ha
NPoEeKMUEHOT NA0CKOCMU, 004a0010WUll KEa0PAMUUHBIM N0 UMNYALCAM ONONHUMENDHILM UH-
ME2PANOM, AUYBUANEBO IKEUBAAEHMEH NOOTOOAULEMY MONOAOLUMECKOMY OUAAUAPIY € NPOCKAND-
3DLBAHUEM, COCTNOAUEMY (CKACEHHOMY) U3 INEMEHMAPHBIT NAOCKUT busiuapdos (cm. puc. 12),
02PAHUYEHHDIT KPUBBLMU U3 PUKCUPOBAHH020 coPoKkycHo20 cemeticmasa. [Ipu smom keadpamu-
HOL UHMe2Pas MaKo20 NoOmoka c800UMCA K KAHOHUYECKOMY KEAOPATMUMHOMY UHMEZPAAY HA
busruapde.
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W

B,

A1 E
Puc. 12. DemenTapHble OujInapabl, U3 KOTOPBIX COCTaBJIEH OWJLIHAP, JIMYBUJIJIEBO SKBUBAJEHTHBII
KBaJIPATUYHO UHTETPUPYEMOMY T'€0JIE3NIECKOMY MOTOKY HA IMPOEKTUBHON IJIOCKOCTH
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Billiards of variable configuration and billiards with
slippage in Hamiltonian geometry and topology

A.T. Fomenko

Abstract. A class of billiards is found, the geometry of which can change with
a change in the energy of a ball moving on a <«billiard tables. Such billiards
are called force or evolutionary. They make it possible to implement important
integrable Hamiltonian systems (with two degrees of freedom) on the entire phase
4-dimensional space of the system at once. That is, simultaneously on all regular
isoenergetic 3-dimensional surfaces. The author and V.V. Vedyushkina proved that
force billiards implement the Fuler and Lagrange integrable cases in the dynamics
of a heavy body in three-dimensional space. It is found that these two well-known
systems «billiard equivalent», although they have integrals of different degrees —

quadratic (Euler) and linear (Lagrange).

Keywords: force billiards, integrable Hamiltonian systems, Euler and Lagrange

cases.
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OO0 uHIEeKCHOM MHOXKECTBE IIyHKTYaJbHO KAaTEerOPUYIHBIX
KOHEYHOIIOPO2K/IEHHBIX CTPYKTYP

A.A. Kypmauesa

Annoramus. Crarbs HOCBAIIEHA OIIEHKE HHICKCHOTO MHOXKECTBA KOHETHOIIOPOXK-
JIEHHBIX CTPYKTYP, UMEIOIIIX ¢ TOYHOCTDIO JI0 IIYHKTYaJIbHOTO H30MOPMU3MA €/ IUH-
CTBEHHOE IYHKTYaJIbHOE IIpeicTaBaeHne. [lokazano, 9To 9T0 HHIEKCHOE MHOYKECTBO

SBJISIETCS Hg—HOHHbIM.

KuroueBbie ciioBa: NOPUMHUTHUBHAA PEKYPCHUsl, IYHKTyaJbHAS KATETOPUIHOCTD,

KOHEYHOIIOPOXK/IEHHAas CTPYKTYPA.

BBenenue

B pabote ucciieryercs Bompoc 06 aaropuTMUIEcKOl CJIOXKHOCTH TOCTPOCHUS ITYHKTYaIb-
HO KaTEerOPUIHBIX KOHETHOTIOPOK/IEHHBIX CTPYKTYP U IMYHKTYaIbHO KATETOPUIHBIX ITOTYTPYIIIT
Yepes3 OINEHKY CJI0YKHOCTH WX MHJIEKCHBIX MHOXKeCTB. OCHOBHOe TIOHSITHE B 9TOi 00/1aCTH UCCIe-
JIOBaHUS — IIYHKTyaJIbHAS KATErOPUIHOCTb.

Bruepssie sror Tepmun nosiuiicsd B crarbe V. Kamumymmua, A. Mensaukosa u K. Hr [1],
¢ KOTODOIi JJaHHasI TeMaTuKa Hada/ia CBOe Pa3BUTHE, KAK He3aBUCUMAas Teopus. B 9Toit ke cra-
The OBLIO MMOKA3aHO, YTO HANTH HETPUBHUAJIbLHBIC IPUMEPHI MYHKTYAJIbHO KATETOPUIHBIX CTPYK-
TYP JI0BOJIbHO TpyaHO. OJHAKO B KJIacce KOHEUIHOIOPOXKIEHHBIX CTPYKTYP Y/IAJI0CH TOCTPOUTD
TaKol IPUMEP C IIOMOIIBIO JIBYX CIIEIUAJIbHBIX YHAPHBIX (PYHKIWI. VCIoab3ys Moy IeHHy 0
KOHCTPYKIINIO, YJAJIOCH ITOJIyIUTh OIMCAHNE CBOMCTBA MyHKTYAJbHON KATETOPUIHOCTH JIJIsi KO-
HEYHOITOXKIEHHBIX CTPYKTYP.

Tenepb puBeieM HEOOXOMMbIE 0003HAYEHU U OlIpeiesienns. Mbl OyjieM paccMaTpuBaTh
IyHKTYaJbHbIE CTPYKTYPBI, T. €. ajaredpanvdeckue CTPYKTYPbl B KOHETHON CUTHATYPE, 001aCThIO

KOTOPBIX ABJIAETCA W, OllIepalli U OTHOIICHUA ABJIAOTCA IIPDUMUTHUBHO PEKYPCHUBHBIMMU.

Onpenenenne 1. CTpykTypa, IPUMATUBHO PEKYPCUBHO M30MOpQHAsT JI0O0i cBOei MyHKTY-

aJIbHOI KOIIMM, Ha3bIBa€TCAd IIYHKTYaJIbHO KaTeFOpH‘iHOﬁ.

JL1st yHKTyaIbHBIX KOHEYHOIIOPOK/IEHHBIX CTPYKTYP MOXKHO BBeCTH 60Jji1ee yI00HYIO Te-
JleJIeBy HyMepallnio, OCHOBAaHHYIO Ha IPUMHUTHUBHO PEKypPCHUBHOM pPaBEHCTBE TEPMOB, a HE Ha
HOMEpaX NMPUMUTHBHO PEKYPCUBHBIX (DYHKIU, peaTu3yIONUX OlepaIlui U OTHOIICHUS CTPYK-

TYpbl HA MHOXKeCTBe w. A mMeHHO, (PUKCUPYsT KOHEUYHOEe MHOXKECTBO mopoxkaatonmx X C w,

Pa6ora nognep:kana rpanrom @oHja passuTus Teoperndeckoil pusuku u maremaruku «bBA3UCs.

(© 2023 A.A.Kypmauesa
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MOZKHO paccMoTperh MHOXKecTBO 1'(X') 3aMKHYTBIX TEPMOB JaHHON CHUIHATYDBI ¢ KOHCTAHTAMHE
u3 X, craHapTHBIM 00pa30M HyMepysl 3TO MHOXKecTBO. Tora Tuil n3oMopdusMa IMyHKTYaIb-
HOW CTPYKTYPBI A OompeiesisgeTcst IPUMUATUBHO PEKYPCUBHBIMU IIPOTPAMMAMU, PEAU3YIOINMA
He TOJIbKO CUTHATYDHBIE OTHOIIEHUsI Ha TepMaX, HO U OTHOIIEHHe PABEHCTBA (KOHIDYIHIIUH)
=4 #a repmax u3 T'(X), mpu srom A okasbiBaercs mzoMopdHoii pakrop-crpykrype Ha T'(X)
OTHOCHTEJIBHO =4 (cM. [2]).

[Iycrs nan HOMEp € = (eq, €1, - . . , €, Ent1), TJI€ N — THUCJIO OTHOIIEHHU{T B curnarype. Ompe-
JIeJINM CTPYKTYPY P, KaK KOHEYHONOPOXKJIEHHYIO (haKTOP-CTPYKTYPY, MOTYyUEeHHYIO Ha KOHEY-
HOM MHOXKecTBe rnopoxkjgaomux X C w, UMEIONX KaHOHUYEeCKUN HOMEDP €y, U OIpeJIesIeH-
HYIO OTHOIIEHUSIMU, PeaJu3yeMbIMU MPUMUTUBHO PEKYPCUBHBIMU MPOTPAMMaMU C HOMEPAMU
€1,...,6En, OTHOCUTEJBHO KOHI'DYIHINU, 33JaHHOU IPUMUTUBHO PEKYPCUBHON IIPOIPaMMON C
HOMEDPOM €, 1.

OTmMeTHM, 9TO B MOCTPOEHHON TakuM obpas3oM rejeeBoit Hymeparuun {P.}ec, MOIyT
BCTPETUTHCS HEKOPPEKTHBIE HOMEPa 3a CUET TOT0, UTO €,11-€ OTHOIIIEHUE He SIBJISIeTCS KOHIPYIH-
el OTHOCUTE/IBHO €1, . . ., €,. Kpome Toro, B 9TO#l HyMepaIuu MOTYT BCTPETUTHCS KOHETHBIE
cTpykTypbl. OIHAKO HETPYIHO MMPOBEPUTH, UTO YCJIOBUE HA MYyHKTYaJbHYIO MPEICTABIMOCTH
(T. €. KOPPEKTHOCTH U GECKOHEYHOCTD) CTPYKTYPhl P, ABJsteTca Beero juib 119 yegosuem, aTo
He OyJIeT OKa3bIBATh BJINSAHU Ha JTaJIbHENIINe PAcCyK/IeHns. TOUHO TaK Ke He Oy/IeT OKa3bIBATh
BJIMSIHUS, PACCMaTpUBaeM Jii Mbl HyMeparmio { P, }ee, /I KaKO#-TO KOHKPETHON CHTHATYDBI
Wil {Pe}ec,, €CTH PE3yJIbTAT PABHOMEPHOIO CJIMSHHS BCEX HyMepaluil 10 BCEM BO3MOXKHBIM
KOHEYHBIM CHUTHATYPAM.

OcHOBHBIM OOBLEKTOM WUCCJIEIOBAHUSA JIAHHON PadOTHI ABJSAETCA WHIEKCHOE MHOYKECTBO

IIYHKTYaJIbHO KATErOPUYHBIX CTPYKTYP OTHOCUTEJBHO JAHHOI HyMepalluu.

IIpemsioxkenue 2. Hndexchoe MHONCECMBO NYHKINYAALHO KAMELOPUHHOLT CTNPYKIMYD
I = {e | P. nynkmyarvio xamezopuynal

npunadaestcum yposnto 113 apudmemumneckoti uepapruu.

Joxazameavcmeo. 1o onpejie/ieHUIO MyHKTYaAJILHON KATErOPUIHO UMEEM

e € I & P, nyHKTyaJbHO KaTeropuyiHa

& Vi[P; = P. — 3y(py : Pi = P. — msomopdusm & 3z : (p, o p, = p, op, =id))].

N3 KOHEYHOTIOPOKIEHHOCTU CTPYKTYPHI CJIEIYeT, YTO OHA BBIYUCIMMO KaTErOPUYHA, T10-
9TOMY OTHOIIEHHE U30MOpPU3Ma = MOKHO PACKPBLITh Yepe3 BLIYUCIUMbIC U30MOPMU3MEL (;,

3a/[aHHbIE B CTAHIAPTHON HyMepaIlui YaCTUIHO BBIUYUCIUMBIX (DYHKITHI:

e € I & Vi[3j(¢; : Pi = P. — BbIMHCIUMBIIE n30MOpOU3M) — Iy

(py : Pi = Pe — uzomopdusm & 3z : (p, o p, = p, o p, = id))].
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Ormernm, 4TO yciosue “¢; 1 P; — P, — BRIMUCIUMBII H30MOpdU3M~ I0Ipa3yMeBaeT Mo,
co00il, 4TO (p; sIBJIIETCA BCIOY Ollpe/le/InMoil OMeKTUBHOM dyHKIwmeil, coxpansionieil ajaredpan-
JecKne COOTHOIIIEHNU I, W, CJIeJI0OBATEIHHO, 3TO YCIOBUE 3AIMCHIBAETCA B aprdMeTHKe depe3 /IBa

kBaHnTopa V. Torma mojiyanm 1moc/ie1oBaTe/ IbHOCTh KBAHTOPOB
V(3Iva — 3Iv).
[IpuBoas dhopmyily K IpeHEKCHONW HOPMAJIbHOI (dopMe, Oy IuM
vav|...],

T. €. THIEKCHOC€ MHOZKECTBO I ,ZLeﬁCTBHTeJIbHO HIPUHAJIEZKUT KJIaCCyY Hg ]

OCHOBHBIM De3yJIbTATOM PabOThl ABJIAETCS JIOKA3ATEILCTBO TOTO, YTO OleHKa 119, ToJTy-
YeHHas BBIIIE, sIBJITeTCs TOYHOI. Bojiee TOro, mMHIEKCHOE MHOXKECTBO | MYyHKTYaJbHO KaTero-
PUYHBIX CTPYKTYD #ABjstercs 119-nosmbiM. [lpu mokasaTenberse GyIeT UCHOIb30BATHCA METOJ
[OCTPOEHMsT KOHEYHOMOPOXKIEHHBIX MYHKTYAJbLHO KATErOPUIHBIX CTPYKTYp u3 paborsl [1], a
TaKzKe CJIEJIYIONINil MIPOCTOI pPe3ysbTaT, Jallnil IpUMep KOHEYHOIIOPOXKJIEHHON He IYyHKTY-

AJIbHO KaTErOPUYHON CTPYKTYPHI.

IIpensioxkenne 3. Cmpyxmypa S = (w, s(z) = x + 1) ne asaaemesa nynKmMyairvHo Kamezo-
PUYHOU.

Jlokxasamenvcmeo. Byjem cTpouTh JiBe MyHKTyaJbHbIE KOIUU HAIlell CTPYKTYpbl S, OjHa U3
KOTOPBIX S = A — cTaHgapTHasl KOs, 8 BTOPYIO B OyeM CTPOUTh TaK, 9TOOBI OHA COXPaHSIA
BBIYUC/IMMBITT B30MOPMU3M, KOTOPBIH He ObLIT MYHKTYaJbHBIM. Tak ke HeOOXOIMMO TIEePEIUCTTh
BCE MMOTEHIMATbHBIE TPUMUTHBHO PEKYPCUBHBIE N30MOPMU3MBI P MEXKTY STUMU KOTHAMU. BBe-

JieM TpeboBaHue i KayKJI0r0 MPUMUTUBHO PEKYPCUBHOIO U30MOpPdU3Ma p,:
Pe
N.: B+ A,

KOTOpoe OyJieT paboTaTh MPOTUB KAXKJIOIO P.. UTOOBI BBIIOJIHUTH JaHHOE TpeboBaHue, Oyjem
BBIOUPATH CBUJETEIIsI & U3 I3, y KOTOPOro HET MPEeIIeCTBEHHNIKA, 1 OY/IeM XKIaTh HOKa Pe(x) J. B
9TO BpeMs MBI HE MOYKEM 3aJ[ePyKUBATH IMOCTPOEHHE B, M0ITOMY Ha KayKIOM IITare BbIIUCICHUS
n3oMopdu3Ma P, Mbl HAPAIIUBAEM JIBE HE3aBUCUMBIE TIEIIOYKHN, OJIHA U3 KOTOPBIX TIOPOXKIACTCS
snemenrom Op u umeer Buj s(0g),s%(05),s%(0g),..., a Jpyrag — 3J1eMEHTOM T U IpeJCTaB-
Jstiomast coboit nenouky Buga s(z),s?(x),s3(z),... coorsercrienno (crpoum “octpor”). Kak
TOJILKO MbI COCIUTAEM P (), 00bsaBuM = paBHbIM " (0g) /Uit JOCTATOIHO OOJIBIIOTO 1 > P ()
¥ [IOJTY 9UM OJIHY T1enouKy (mpukiensaeM “octpos”). Jlasee OBTOpsieM Ty MPOLELYpY sl K30~
MOPDUIMA Perq.

Taxum 0O6pazoMm, 1Mocse10BaTe/IbHO YIOBIETBOPss KaxK10e TpedboBanue N,, Mbl OyIeM I1pu-

COEJINHSITH HOBBIE TEMOYKHU B [3, COXpaHsIs BBIYUCIUMBINA U30MOPQU3M. O
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1. OcHOBHOII pe3yabTaT

B mannOM pasgene GyjieM paccMaTpUBaTh CTPYKTYDBI A, HOCHTEIeM KOTOPBIX ABJISETCA
w, a GYHKIMOHAIbHAS CUTHATYPA COCTOUT U3 KOHCTAHTBI O M JBYX yHApHbIX dyHKImil s u t.
Cama CTPYKTypa IIpeJICTaBJIAeT COOON MENOUKY, COCTOSIILYIO U3 {-IMKJIOB KOHETHON JUIMHBL, C
IIOMOIIBIO (DYHKIINK MBI MOYKEM IIepEMeIIaThCs BHYTPHU MHUKJIa, a (PYHKIMSI S 0TOOparKaeT JIro-
6ot IeMEHT OIHOTO TUKJIa B (PUKCUPOBAHHBIN 31eMeHT caepyioniero. Oynknua f : w — w\{0}
3a/18eT JJIUHY [UKJIA.

Jpyrumu cioBamu, cTpyKTypa Afp o6pasoBaHa MOPOXKIAIONHAM SJEMEHTOM 0 U OIpejie-

JISIETCS COOTHONICHUSIMHU:
7 (5*(0)) = s"(0) Vn € w,
s(t"(s"(0))) = s""(0) ¥n,m € w,

rjie f— IPUMUTHBHO PEKypPCUBHAas (PYHKITUS.

JIro6oit ssremenT cTpyKTypsl Aj OnHO3HAYHO IpejcTaBuM B Bue 7 (s™(0)), rie n € w u

m < f(n).
OrmernM, 910 CTPYKTYpa Af 061asaeT Iy HKTYATbHBIM IIPEICTaBICHIEM TOIIA 1 TOJIBKO

torja, Korga graph{(z,y) : y = f(z)} aBiseTcs IPUMUTUBHBIM PEKYPCHBHBIM MHOXKECTBOM.

Teopema 4. Hndexcroe mHoorcecmeo
I = {e | P. nynxmyasrvono xamezopuuna}

ABAACTNCA Hg -NOAHDIM.

Joxazamenvcmeo. Iycers S — npoussoannoe I13-muoxkectso. Torga (eum. [3]) cymecrByer BbI-

qucmMasdg QYHKIU ¢ CO CJIEIYIONUMEI CBOMCTBAMM:

W (ny) Geckonedano <= W) = w,
nesS < (Yy) [Wym,) xoueunol,
n¢ S = (I2)(Yy > 2) [(Wyny) = wl.

C nomormpbio OYHKIMH ¢ TOCTPOUM I KayKJIOro N € W IYHKTYaJbHYIO CTPYKTYPY

A - An TaK, I{TO6I)I BBIITOJ/JIHAJIOCH
n €S < A, nyHKTyaJIbHO KATErOPUIHA,

OTKy/Ia Oy/IeT HeMeJIJIEHHO CJIeJIoBaTh yTBEpXKIeHNe TeopeMbl. B jajibHeiiemM OyjieM cauTarh,
4YTO IIPOU3BOJILHOE N € W (PUKCUPOBAHO, TaK YTO HYKHUI nHjeKkce n B A, OyIeT OlyCKaThCs.

SanuremM HeoOX0IMMble TPEOOBAHNS U OIIPEI/INM UX ITOPSJI0K BhIToHeHusI. [ 7151 ycroBust
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MyHKTYAJIBHON KATEropuaHOCTH HEOOXOIMMO BBIIIOJIHUTH TPeOOBAHMUSI
R. : A =P, = 3 npumumueno pexypcushoili uzomoppusm p: P, — A

JUTs KaXKJI0#1 IPUMUATHBHO PEKYDPCHBHON CTPYKTYPBI Pe = (W, Oc, Se, te).

JL1st TPOTUBOIIOJIOZKHOTO YCJIOBUS HEOOXOIMMO BBITIOJIHUTHL TpeboBaHUe
N : 3 nyukryanbuas B = A Vm|[ p,, He asiagercs uzomopdusmom u3 B Ha Al

TJ1€ Prp— M- TPUMUTUBHO PEKYPCUBHAA (DYHKITUS.

PaccmotpuMm, Kak Oyjier padboraTh Kazkji0oe TpeboBaHUEe 0 OTJIETbHOCTH.

1.1. CTPATErusd NPECCUHIA (R.-TPEBOBAHUS) [1]. OcHoBHBIME 3a/adaMy JTAHHOI
CTPATEruu siBJIIOTCS ONpeJIe/IeHne MPUMUTUBHO PEKYPCUBHON (GyHKIMKU f W MOCTPOEHUE Ka-
HOHUYIECKOTO ITyHKTYAJIBHOIO TOCTpoeHust A, B KOTOPOM MbI MOXKEM IIPUMUTHBHO PEKYPCHBHO
[IEPEXO/INTH OT CAMOTr0 JIEMEHTa K ero KoopjuHaTaMm B Haieil ctpykrype. Koopaunaramu Oy-
JIeM Has3bIBaTh mapy (n,m), TJe n — HOMep IUKJa, IIPUCOeNHEHHOTO s™(0), 1 m — ero MecTo B
9TOM IUKJIE.

fcHo, uTo QyHKIMA HEpexoa OT KOOPJAMHAT K CAMOMY SJIEMEHTY BCErJa MPUMHUTHBHO
PEKYpPCUBHA B OTJIMYME OT OOPATHOI K Heil.

Mpsr cunraem, 910 (GyHKIUA S, U t, — GACTUIHO BBITUC/IUMbBIE (PYHKIIUN C COOTBETCTBYIO-
UMY TPUMHUTHBHO PEKYPCUBHBIMU (DYHKIMAMI BpeMeHn T, [4], T. e. s.()[Te(x)] | u te(x)[e(z)] 4
Jtst JI00BIX € 1 . Onpezennm byHKIUIO Hapbl cyeayromum obpasom: (e, i) = 2¢(2i+1)— 1. Tlo-
JIE3HBIM CBOMCTBOM JaHHON (DYHKIIUHU SIBJISIETCSI TO, UTO JJI KaXKJIOTO € MOCJIe0BATEIbHOCTD
(e,1) obpasyer apudMeTHIECKYIO IIPOTPECCUIO, W3 TOTO CJIELYET, UYTO B KaXKJIOM HHTEPBAJIE
Jumaabl 271 MBI cMozKeM HaiiTu umcsio Buja (e, 7).

B nateii KOHCTPYKIIUH JIst KasKJIOTO € U i Oy1eT BepHO
f((e,i)) € {2e +1,2e + 2}.

Bribop mexy 2e + 1 u 2e + 2 OyjieT 3aBUCETH OT HEPEUNUCTECHUS TYHKTYAJIBHON CTPYKTYPBI P.

Ucnonb3yst B KaxK0M TpeOOBaHUM dYepeOBaAHME IUKJIOB PA3IUIHON JIJTHHBI, MBI CMO-
JKeM YCTAHABJINBATD I'PAHUILY, KOTOpas 00ECIIeUYNT IPUMUTUBHO PEKYPCUBHBIN 11€PEX0/] BHYTPH
CTPYKTYPHI.

Tenepsb 3adukcupyeM e u mokazxkeM, Kak onpeaeauts f({(e,i)) s a060ro i € w.

1) Haunem ¢ 2 =0 € P..

2) BysjeMm npuMeHsiTh S, K T, HO He Gojee 267112

pa3, II0Ka He HaliaeM HEKOTOPLIN Y,

KOTOPBIl accOUupyeTcs ¢ t.-IUKJIOM JHHbI 2¢ + 1. Kcam Ttakoit yy HaiijeH, To BbI-

. 2E+1 - 26+1 - 2e+1 6
quessieM y1 = S5 (Yo), Y2 = S2 (Y1), -+, Yur1 = 52 (Yz) 1 yOezKI@EMCA B TOM, 9TO
XOTst OBl OJIMH U3 JEMEHTOB MOCIEJOBATEIILHOCTH Yy, * , Yyl TEHEPUPYET to-ITUKII

qymHoi 2e + 1. [IpeamnosioykuM, 9TO 3TO MPOU30MIIO 3a U, Mmaros. [Ipm Beraucaenun
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STUX 3HAYCHUI MBI He MOXKeM 3ajep:kuBaTh f(x), mosromy Mbl onpenenseM f({e, 1))
KaK IMOBTOpdIoNuiica madson 2e + 1, 2e 42, ...,2e+ 2, 2e + 1 nya Beex ¢ < uy.

TV
T pa3

e OOpaTuM BHUMAHUE, ITO €CJIN U, He Oy/IeT OIpeJie/IeH, TO Mbl B KOHETHOM UTOTe

onpegenum f({e, 1)) Kak moBTopsttormuiics madyod 2e+1, 2e + 2, ..., 2e + 2, 2e+1
T pa3

JUIl BCEX | € w, U B 9TOM ciiydae P, & Ay.

e B mnporuBHOM ciyuae u, B KOHIE KOHIIOB OyJieT HaiijleH, 1 Mbl 1103a00TUMCSI
O TOM, dYTOOBI JIJII BCEX 1 > U, Mbl HHUKOIJA He BCTpedaand IIabJIoH
2e+1, 2e+2, ...,2e+ 2, 2e+ 1. Torma rpanuna u, MMO3BOJIFET OMPEIETATH KO-

N

Vv
T pa3

OpJMHATEL (1, M) JIEMEHTa T B CTPYKTYpe Pe, U, CjiejoBaTe/IbHO, H30MOPQU3M

p(2) TPUMUTHBHO PEKYPCHUBHO.

e YBeJMUMBaEM I Ha €IUHUILY U HEPEXOUM B Tal 2).

1.2. N°*~CTPATErus BBIIIOJITHEHU S N—TPEBOBAHI/IH, HE HAPYIITAIOIITAA PABOTY
CTPATErUM R;, i < e. Byaem crpouth HmyHKTyaJbHyIO Komuio B =2 A, 1mocjenoBaTeibHO

HapyIas KazK/IbII BOSMOKHBII MyHKTYAJIbHBIN T30MOPMOU3M MEYK Ty MYHKTYAJTLHBIMI KOMUSIMI

BuA.

Pabora crparerum Oymer opraHu3oBaHa 10O IUKJIAM M, TJ€ M — HOMEP IPUMUTHBHO pe-

KYyPCUBHOU (DYHKITUU Dy, -

1)
2)

3)

Hauunaewm ¢ mukiaa m = 0.

Bepem HOBBII 3/1eMenT o € B, KOTOPBIil B HACTOSAIIUI MOMEHT HE UMEET IIPE/IIIEeCTBEH-
HUKA.

2Kem, moka cocauraercs pp,(z). B aroT Ke MOMEHT HauMHaeM CTPOUTH B B 1EnouKy
s(x),s*(x), ..., a TakzKe (-IMKJIbI, NPUKPEILJICHHbIE K 3JIeMeHTaM 3Toii nenouku. [Ipu
9TOM JIJIMHA, KasKJ0TO TaKOTo t-TMKJa paBHa 2¢ + 2, €CJIM OH OTHOCUTCA K CTpPaTeruu
R;, i < e, u B maHnblii MOMeHT emie He m3sectHo, uro P; 2% A. Ecm xe P; 2 A
yKe YCTaHOBJIEHO B Xojie paboThl crpareruu R;, ¢ < e, T.e. eciiu O4YepejiHoe U, He
MOKET OBITh HailJIeHO, TO JUIMHBI COOTBETCTBYIONMINX {-IIMKJ/IOB JIOJI?KHBI 9€PEI0BATHCS:
UK JUIAHBL 2¢ + 1 JOJI2KEeH TOSABIATHCA T0C/Ie KaXKJIBIX X ITOCIeI0BATE/IbHBIX ITUKJ/IOB
JnuHbl 214 2. Ecan t-niuki orHocuTes K TpeboBanuio R;, ¢ > n, TO CIATaeM, UTO JIJINHA,
KaxKJIoro t-1uKJja paBHa 21 + 2.

Kak To/bKO ppy () |, UIleM, TJie B TIOPOXKIEHHON 971€MEHTOM S(Pp,(T)) HOICTPYKTY-
pe A Bcrpedaercst MOCTpOEHHAsT HA JIAHHBIH MOMEHT ITOCJIEI0BATEILHOCTD (-TIMKJIOB,
[IO3BOJIAIONIAA “MPUKJIEUTL  HAIl OCTPOB. MoKeT oKazaTbCs, 9TO TaKOIO MECTa HeT,
IIOCKOJILKY B HEKOTOpOil ctparerun R;, ¢ < e, OKayKeTCs HEOIPEICCHHBIM Uy ; B 9TOM
caydae 3alryckaeM Harry /N°-cTpaTeruio 3aHOBO ¢ HOBOW IyHKTYaJbHON CTPYKTYPOI

B (rakas nHHIMAIM3AIMsS HAIEH CTpaTern MOXKET Ipousoiitu He Oosee e + 1 pas).
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[Ipum sTOM MBI IpeIIOIaraeM, 4To, IMOKa JaHHBIN dTan crpareruun N°¢ He 3aBepIInTCH,
crparerun R;, 1 > e, He paboTaior, & COOTBETCTBYIONIUE UM t-IUKJILI B A cTposiTcs
pasuabiMu 2i + 2. [ToBTopsiem B B cTpyKTypy A 10 HY2KHOTO YepeIoBaHus U “TIPUKJICH-
BaeM ocTpos”, Tojtarast ¥ = s*(0) JyIs1 MoIXO/AIIero k, TP 3TOM H30MOPMUM MezK Ty
B un A okasbIBaeTcst He PaBHBIM D,.

5) YBesmduBaeM m Ha eJIUHUIYY U [EPEXOUM B STAIl 2).

Yro0bI HaTJIsAIHEE PACCMOTPETh COBMECTHYIO PabOTy TpebOBaHWil, YI00HO MX PacIoJjIo-

(nO / \ (n,0) KOHETIHO
g(n,1) / \ (n,1) KOHETHO

[Ton kaxkapiM TpeboBanmeM R, OyleT CTpOUTCs CBOsS Komus B i BBIIOJTHEHUS

2KHUTb Ha JEpPEBE:

N-TpeboBanus, He HapyIIaomaga crparerun R;, 1 < e.
Ha kaxkoM 1mare s ompejesiuM 9ucyio m(s) Kak HauMeHbIee 9ncJio, Jijis KOTOPOro BbI-

IIOJTHEHO

m(s) > sV Wymm(s)),s 7 Wonm(s)),s+1-

Torma Ha 1mare s Halreir KOHCTPYKIIUU MbI OyeM ITO3BOJISTH pabOTaTh JIUIIb cTpaTerusam I3,
i < m(s), a Taxxe crparerun N™). TIpu stom, ecan N™) maxomures na stame 3), To miar s
HOCTPOEHNS 3aKAHIUBAETCS JIUIIE TOTJIA, KOTJIa 3TOT ITAI TIOJTHOCTBIO 3aBEPIIUTCS (HE TI03BOJIsST
JI0 9TOr0 MOMeHTa paboTarh crparerusm R;, i > m(s)).

Eciu n € S, o limg m(s) = 0o, Tak 94T0 UCTHHHBIM ITyTeM KOHCTPYKIMU OyJIeT GeCKOHEe-
HBIIT IyTh Ry — Ry — Ry — - -+ . Kaxag crparerus R; OyaeT MHUIUAIU3UPOBATHCA KOHETHOE
qreIo pa3 (KaxK Ias MHAIUAIU3AIIIS T0[pa3yMeBaeT IPUMUATHBHO PEKYPCHBHOE TOCTPOCHUE 13-
mMopdusma p 3aH0BO). B aroM ciydae Gyjer mocTpoeHa myHKTYaIbHO KATErOPUIHAS CTPYKTYPa
A=A,.

Ecim ke n ¢ S, o cymectyer lim inf m(s) = m < oo. Torma uCTHHHBIM ITyTEM KOHCTPYK-
nuu Oy/ieT KOHedHbl nyTh Rg — Ry — -+ — R,, — N™. B aT10OM cjly4dae 1ocjie KOHETHOTO YUUCJIa
MHUIMAJIN3aINi n3-3a crpareruii Ry, Ry, ..., R,, crparerns N™ mpuBeieT K BBITOJTHEHUIO Tpe-

Oosanus N, T.e. IyHKTya/JabHas cTpykrypa A = A, He OyjieT IyHKTyaJbHO KaTeropuyHoil. [J
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3aMeTuM, UTO JI0Ka3aHHAs BBIIIE TeOpEeMa MOKeT ObITh HepedopMyIHpoBaHa 1 JOKa3aHa,

B TEpMUHaX MHAECKCHOI'O MHOXKECTBa KOHETHOIIOPOXKJACHHBIX ITOJIYI'DYIIIL, ABJIAIOIIUXCA ITYHKTY-

AJILHO KATETOPHIHBIMU, TP IIOMOIII TEXHUKH KOJMPOBAHUSI YHAPHBIX CTPYKTYP B OJIYTPYIIIIBI
u3 [5].
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Apudmeruka m KoMOMHATOPUKA PEKYPPEHTHBIX
ocJjie JoBaTeJIbHOCTEen

P. B. Ypazbaxtun

Awnsoramusa. Vccenyiores: apudmMeTudecKre CBOMCTBa MEJIOUUCTEHHBIX TOCTIEe-
JIOBaTEILHOCTEH, OTBEYAIONINE 33 KOJMYCCTBA 3aMOIICHUN KOJIell, pa30uThIX HA KO-
HEYHOE YHUCJIO OJIMHAKOBBLIX SUYEEK, C MIOMOIIBIO IBYX MHUHOIIEK. TakKe M3yvaroTcs

PEKYPpPEHTHbBIE ITOCJIEA0BAaTC/IbHOCTU, CBA3aHHbIE C TPEYT'OJIbHUKOM ITackaJsi.

KiroueBbie cjioBa: Teopema Diljiepa, 3aMolleHne, TpeyrojbHuK llackass, pe-

KYPPEHTHBIE TTOCJ/IEI0BATC/IbHOCTU.

BBenenne

B pabore u3ydarorcs IMeJOUUCIeHHbIe TOCAeI0BATETbHOCTH { Ly, e, TA€ [T KazKJ0To
n € N uncyio L, paBHO KOJMYECTBY 3aMOIICHUI KOJIbIla, pa30UTOro Ha N OJUHAKOBBIX d9€EK,
JIByMsT MuHOMIKaMu. [loj n-MuHOIIKOM Oy/ieM Ioipa3yMeBaTh IPAMOYTOJIbHOE TOJUMUHO Pas-
Mepa 1 x n. [TokazaHo, 9TO /11T TPOU3BOJIBLHO IIPOCTOIO YUCIA P JIJIA ITOH 1OC/Ie0BATETbHOCTH
BBIIIOJIHEH aHAJIOr TeopeMbl Diiepa: Lyn = Lyn-1(mod p™).

B mociemgree Bpemst OBLIO 3aMEUEHO, 9TO MHOTHE IETOYUCIECHHBIE TOCIEI0BATEIHHOCTH,
BOBHHUKAIOIIE B PA3IUIHBIX MATEMATHIECKIX 3aa9aX, YIOBJIETBOPSIOT aHAJIOIY TeOPeMbl Dii-
nepa. Tak, manpumep, P. Anepu B 1978 romy mokaszasn upparmonaibHocTh uncia ((3). Ilpn
JIOKA3aTeILCTBE 9TOr0 YTBEPXKJIEHHsI OH BOCIIOJIb30BaJICs alpokcumarueii ancia ((3) parwo-
HaJIbHBIME “ucaaMu by, /a, € Q (n € N), tae {a, }neny — HesI09UHCIEHAAST TTOCIEIOBATEIBHOCTD,

VJIOBJIETBOPSIOIIAsT PEKYPPEHTHOMY COOTHOIIEHUIO

(n+1)2a,1 — (2n + 11702 + 17n + 5)a, + n’a, 1 =0,

W= () ()

HiteHbl TIOCIE0BATEILHOCTH { Ay, }nen HasbIBatoTcs dnciaamu Amepu. B [1] 6bu10 mokazaso, 1ro

IpA 3TOM

JJId 9NCeJI AHepI/I nmMeeT MeCTO CpaBHEHUE

Pabora nomepxkana rpaarom Poccuiickoro nayunoro donga (mpoekt Ne 22-21-20024) u BbIIOJIHEHA B PaM-
Kax peaJin3allii MMpOrpaMMbl pa3BuThs HaydHo-00pa30oBaTEbHOTO MATEMATHIECKOrO TeHTpa [IpuBOJIKCKOro
denepasbHOro okpyra (corsamenue Ne 075-02-2022-882).

(© 2023 P.B. YpasbaxtuH
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Appr = Apr—1 (mod p*"),

rJie p — NPOU3BOJIbHOE IpocToe ducio (p = 5) u m,r > 1.
Tax:ke B Hameii pabore OBLIO HOJIYYEHO HOBOE, HOJee IMPOCTOe KOMOMHATOPHOE TOKa3a-
TeJIbCTBO pe3ysbraTa u3 paboThl 2], ycraHABIMBAIONIEE CBS3b MEXK/Y PEKYDPPEHTHBIME TIOCTIe-

JA0BaTEJIbHOCTAMU U TPEYT'OJIbLHUKOM ITackauis.

1. ApudmeTrndyeckme CBOICTBA PEKYyPPEHTHBIX IOCJIEI0BATEILHOCTENN,

CBsI3aHHBIX C 3aJladeil 0 KoJIn4ecTBe 3aMOIIEHNII KOJIbIIa

B [3] 6bu1a paccMoTpeHa 3ajiada 0 KOJUYECTBE 3aMOIIEHHH KOJIbIa, Pa3buToro Ha n oju-
HAKOBBIX SY€EK, 2-MUHOIIKAMU ¥ 3-MUHOIIKAME. DTO KOJIUIECTBO 0003Ha4InM 1depe3 P,. HYiennr
nociieoBarenbHocTh { P, }hen HasbiBatoTcs ducaamu [lepputa u 9Ta mocsieioBaTebHOCTh U3Y-
Jajach BO MHOTMX paboTax. XOpOIIo M3BECTHO, UTO 4ucja lleppuna yaoBIeTBOPAIOT PEKyP-
peHTHOMY coorHorenuto P, = P, o + P, 3. B [3] 6b110 s0Ka3aH0 BazkHOe apudMernyeckoe

CBOMCTBO 3TOI TTOC/IENOBATETHHOCTH:
Teopema 1. /las a060z0 npocmozo wucaa p umeem mecmo cpasnenue P, = 0(mod p).

Taxke B 3T0i1 paboTe OBLIO TOIYUYeHA (POPMYIIa, BhIPaXKaioasd OOIU 1JIeH MOCIeI0Ba~

resibHocTd { P, }pen.

Teopema 2. /lna aobozo n € N umeem mecmo pasencmeo P, = of + of + af, 2de oy, ag, o

— KOPHU Taparmepucmu1ecroeo MHO204NEHA JIS — 2 — 1 nocaedosamenvrocmu Pn.

Paccmorpum Gostee 001IyI0 3aa4dy O KOJUYECTBE 3aMOINEHUil KOJiblla, pa3douToro Ha n
OJINHAKOBBIX A9€€K, ¢ TOMOIIBIO k-MUHOIIEK W [-MUHOIIEK, ¥ KOTOPBIX KOJUIECTBA I[BETOB CO-

OTBETCTBEHHO DABHBI @ 1 b. D10 KosmuecTBo Oyjem oboznauars vepes L, (k, 1, a,b).

Puc. 1
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Teopema 3. ITycmov a,b, k,l (k <) — npoussosvnvie namypasvnsie wucaa. Tozda das npous-
soavrnozo n € N umeem mecmo pasencmeo

L,(k,l,a,b) =af +ai +af + ... + o,

ede a; — xopnu ypaenenua x' —a - rF —b = 0.

Aowasamenvcmeo. na kaxgoro n € N mojgoxum S, = af +af +of + ... + ). [Tokaxem, 1to
paBeHCTBO S,, = L, (k,l, a,b) nmeer MecTo st HPOU3BOJIBHO HATYPAJIBHOIO THCIIA 1.
Hnga xparkoctu 3amucu monaoxkuM L, = L,(k,l,a,b). flcHo, 910 Hava/ibHBIE 3HAUEHUS

Ly, ..., Ly nocnenosarensocti { Ly}, .y COOTBETCTBEHHO PABHBI:

L,

L;, =0, ecnu ¢ me neaurca Ha k u 1 <1 < {
<1 1

1<l —

i .
L;=Fk-a*, ecnu ¢ nenurcsd Ha k u 1 ,

Ly =1-b, ecnu | ne nenurcsa Ha k,

Li=k- a¥ + 1 -b, ecnu | nemurca Ha k.

[Tokazkem, 9T0 OCIEIO0BATENILHOCTD { Ly}, oy VIOBIETBOPSLET PEKYPPEHTHOMY COOTHOIIE-
uuio L, = al,  +bL, ;. Jlna n > |+ 1 BoibepeM KOHKPETHYIO A9eiKYy KOJIbIla, Pa30UTOro Ha
n OJINHAKOBBIX d49eeK, B KadecTBe “BepxHeir”. HafijieM MUHOIIKY, KOTOpas 3aKPbhIBACT BEPXHIOIO
9aCTh; yJaJsgeM MUHOINKY HEIMOCPEJCTBEHHO psJIOM C Hell (B HAIPABJIEHUH IIPOTUB YaCOBOIL
CTPEJIKI) U CKJIEMBAaeM I0JIOCKY 0OpaTHo. B pesysbrare mosydaercs KOJIbIO ¢ MEHBIIUM KOJIH-
YEeCTBOM STYEeK.

Ecmu ynanennas ¢purypa Oblia k-MUHOIIKOMN, OJHOTO U3 @ IBETOB, TO B Pe3yJbTaTe I0-
JIydaercst KoJibllo, pa3buroe Ha (n — k) OJMHAKOBBIX s4eeK; ecu yiajeHHas durypa Oblia
[-MUHOIIKO#i, OHOrO U3 b IBETOB, TO B pe3y/IbTaTe MOJIYyYaeTcsi KOJIbIO, pasouroe Ha (n — 1)
OJIMHAKOBBIX g4eeK. [Ipn Kaxk/10M (PUKCHPOBAHHBIM BHIOOPE IBETOB YAAJIAEMbBIX k- U [-MUHOIIIEK
MBI [TOJTyIaeM OMEKINI0 MEeKTy MHOYKECTBOM 3aMOITEHIH KOJIbIla, pa30UTOTO Ha 7 OMHAKOBBIX
sg4qeeK, ¢ (PUKCUPOBAHHBIME IIBeTaMu k- U [-MUHOIIEK, HAaXOIAIINEeCs Iepe “‘BepxHeil” MUHOIII-
KOIf, U MHOXKECTBOM 3aMOIINECHUI JBYX KOJIell, pa30UTBhIX COOTBETCTBEHHO Ha n — k u n — [
OJIMHAKOBBIX f4eek. Takum obpaszom, L, = al, _ + bL, ;.

I[lycth ay, ..., oy — Kopru ypasaenns 2! —a-x'=% —b =0, 1 > k. g kaxmoro i (1 < i <)

qepes f; obosHaunm Kosdbuments Maorodtena (—1) (z! — a - 2'7F — b) pu 2!, Torna

hi==fha=0 fi= (_1)k+1 ca, fop1=..=fi1=0, fi=(=D""-b.

Boruncimm nepseie | aieHoB {Sy}, o 1OC/I€I0BATEILHOCTH, HCHO/IB3Ys (Gopmysl HeioToHa

i—1
Si+ > (D! fiSie 4+ (=1)'fi i =0,
t=1

rme 1 <7< (—1.
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r‘[OKa)KeM7 9TO UMeeT MeCTO PaBEHCTBO

(0, ecm ik +j<l—1ul<j<k-1;
k-a', ectmik <l—1uj=0;

Siktj =
TN b, ecmik v =1ul<j<k—1;

| kat +1-b, econ ik =1uj=0.

Paccmorpum ciyuait, korma th+j < l—1u 1 < 5 < k—1. C noMoIipio MmareMaTuaecKoit
mHayknun 1o i € [1; [I/k]] nokazkem, aro Sipy; = 0. YunrsBas, uro f1 = ... = fi_; = 0, u3
dbopmyn HeloTona cremytor pasencrsa 1 = Sy = ... = Sp_1 = 0. lIpeanomnoxnm, 910 Sjpq; = 0
BepHO Jyis Hekoroporo 1 < i < [I/k]. Yuursisas, uto Bee f;, 3a uckimouenuem f; = (—1)"1b u

fr = (=1)*a, paBub mymo, noaydaem

(i+1)k+5—1
Sispsi = > (D™ fuuSusnraiom + (DI (4 DE 4 ) =

m=1

= (=D fi- Sipsy = 0.

Pacemorpum BTOpOit ciy4ait, korma ik < I — 1w j = 0, noe i € [1;[l/k]]. Tokaxkewm,
aro Sy = k - a' ¢ momompio MateMaTuueckoit uuaykuun no ¢ € [1;[1/k]]. Yaureisas, urto
fi=..= fru1 =0, nmeem

k—1
Se=> (V)" fiSi+ (1) fi k= (=DM f k= (D)Mo () k= a

=1

[Ipeamosoxum, aro Sy, = k - a* BepHo Jy1 HekoToporo 1 < ¢ < [I/k]. YuuTbiBast, uTo Bee

fi, 3a uckmouenuem f; = (—1)"1b u f, = (—1)*1a, paBubl Hy/mo, nosydaem

(i+1)k—1
Sirne = > (=1 frSistypmm + (=) fi - ((+ k) =

m=1

— (_1)k+1 . fk . Szk — (_1)k+1 . (_1)k+1 ca-k- ai — k. aiJrl'

Nmeror MecTo paB€HCTBa

-1

i=1

Ecmm | we pmenurca wa k, To S; = [ - b. B mporuBaom ciayuae S; = [ - b+ k - ak.
[Tokazkem, 9TO TOCTEIAOBATETBHOCTE { S, }nen YIOBIETBODPSET PEKYPPEHTHOMY COOTHOIINEHUIO
Sp=aS,_r+bS,;. Tak wak f;=0 (i#k,i#1), o mo Bropoit dopmyse Hbrorona
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([4], c. 229) umeror MecTO paBeHCTBA

Sn + Z<_1)kfksn—k - 07
k=1

Sp+ (=D fi - S + (=)' fi - Sy =0,
Sn—a-Sn_k_b.Sn_l:07
STL =a- Sn—k + b- Sn_l.

[Toyaaem HeoOx0oMMY O peKyppeHTHY0 hopmysty. Takum oO6pazom, 1mocjie0BaTe IbHOCTH

{Ln}en B {Sn}aen YAOBIETBOPSIOT OJHOMY M TOMY K€ PEKYPPEHTHOMY COOTHOIICHHIO M HX

3HaveHns oT 1 J1o | coBmajaior, ciaenoBarebuo, { Ly}, =15} ,en- H
st natbHERIIINX PACCYKJIEHNIT HaM TTOTpedyeTcs

Teopema 4 (cMm. [5]). Ecau ay,. .., a, — 6ce Kopnu nopmuposarnozo muozovaena f € Zlx] cme-
nenu k ¢ yuemom ux Kpammnocmu, mo 0as kaxHcdo2o npocmozo YUcAd P U npou3soabozo n € N

UMEET, MECTNO CPacHEHUE

n n—1

n n n—1
al +ay +---4a] =af +---+da, (modp").
HermocpeicTBeHHO CIe/IyIOT U3 T€OpPEMbI 3 U TeOpeMbl 4 BBITEKAET

Teopema 5. [lycmv p — npocmoe wucao u a,b,l,k € N (k < 1). Toeda das npouzsosvrvix
HAMYPAALHOLT YUCEA T, U T BBINOAHEHO CPAGHEHUE

Ly (k,1,a,0) = Lypn—1(k, 1, a,b)(mod p").

O6obmennemM TeopeMbl 1 SB/ISIETCS

Caeacrsue 6. [lycrs p — npocroe uucio u a,b, 1,k € N(k < 1). Ecom k > 1, To BBIIOTHSIETCS

CpaBHEHUE

L,(k,l,a,b) = 0(mod p).

CaMmpblit IpoCTOil TPUMED — 3TO 3aMOIIEHIe KOJIbIIA, Pa30UTOr0 Ha KOHEYHOE YUCJIO OJIHA-
KOBBIX s9€eK, C TIOMOIIbIO 1-MUHOIIEK m 1BeTOB. EMy Oy/ieT cooTBETCTBOBATH IEIOYUCICHHAT

reomMeTpmnvdecKkKasd 110Cjgae10BaTe/JIbHOCTD

B srom ciyuae Teopema 5 IpeBpalaeTcs B Teopemy iljiepa, COrJiacHO KOTOPOM st

KaxKJ0I'o IeJjioro 9ucja 1m " BCAKOI'O ITPOCTOI'0 ducjia p

n n—1

mP =mP " (mod p").
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2. Tpeyroapuuk llackanss 1 peKyppeHTHbIE€ MTOCJe0BaATEIbHOCTHI

Paccemorpum Tpeyronbuuk Ilackasiss, pacmosioKeHHbI cOrtacHO puc. 2.

Puc. 2

Kaxk ot Touke Ha JEKapTOBOM MJIOCKOCTH C HEOTPHIATEJbHBIME KOOpAUHATAMU (I, )

" Tty " "

MIOCTABUM B COOTBETCTBUU OMHOMUAJILHBIN KO puIimenT . JL1st mpou3BOILHOIM TTPAMOit
x

Ha JIEKAPTOBOI IJIOCKOCTH, ypaBHEHHE KOTOPOil numeeT BUx ax + by = n, tae a,b,n € N (a < b)
u (a,b) = 1, paccMOTpUM CyMMy OHHOMHAJIBHBIX KOI(MDMUIMEHTOB, COOTBETCTBYIONIX TOYKAM

C HeOTpHuIlaTeJILHBIMI KOOpJAUnHaTaMu, 9epe3 KOTOPLIE IIPOXOJUT JaHHasd ITpAMad:

[G115]

T.= Y (x;ry)

z=0,y=0
ar+by=n

B pabore [2| 6b110 J0Ka3aHO, U4TO TOCAEN0BATENLHOCTD {71} }ien SIBIISIETCS PEKYPPEHTHO

U YJIOBJIETBOPSIET CJIEJYIOIIEMY PEKYPPEHTHOMY COOTHOIIECHUIO:
Tn = Tn—a + Tn—b'

Mpbr j1oKakKeM 9TO yTBEPK/JIeHUE 1 ero 00001eHne 00J1ee IIPOCTHIM CIIOCODOM 110 CPABHEHUIO
¢ MeTogaMu u3 [2].
st mpousBosibHOTO 1 € N paccMOTPpUM CyMMYy BH/Ia,

(5]

ne S ()

z=0,y=0
ar+by=n

e A, B € N. PaccmorpuM 3aa9y 0 KOJIMYeCTBE 3aMOIINEHNI ITOJIOCHI pa30UTOi Ha 1 ouHa-
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KOBBIX Y€K C MOMOIIbI0 a-MUHOIIEK U b-MuHOMmEK (¢ < b), y KOTOPbIX KOJHMYECTBO I[BETOB
coorBercTBeHHO paBHbl A 1 B. KoysmdecrBaM a- n b-MUHOIIIEK, KOTOPBIE MOKPOIOT HAIITY IIOJIO-
cy, OYIYT COOTBETCTBOBATH MApPhI IEJIBIX HEOTPUIATETbHBIX HHCEsI, SBJISIONIECS PeleHusIMI
ypaBHenus ax + by = n. Jymnoiil mosocel Oy/ieM Ha3bIBATH KOJUYIECTBO OJMHAKOBBIX SUeeK, Ha
KOTOpBIe OHa paszouBaeTcs. [IpeanosoknmM, 9T0 B 3aMOIIEHUH TI0JIOCHI JIJIMHBL 1 yIYACTBYIOT X a-

MUHOIIEK U Y b-munorek. KojimaecTBo UX pasMenieHnii ¢ y9eToM X pacKpacoK OyjeT paBHO
Tr+y

x
B TouHocTH 1,.

A*BY. Torma KOIm4ecTBO BCEBO3MOYKHBIX 3aMOINEHUI MTOJIOCHI JTUHBI N OyIeT paBHO

Ecnm ostoca AiuHbBI 1 3aKaHINBAETC HA (-MUHOIIKY, OJHOTO 13 A IIBETOB, TO KOJUIECTBO
3aMOIIEHNIT TaKoii 1oJ10ckl paBHO 1),_, - A. Eciu mogoca quHbI n 3aKaHINBAETCS HA b-MUHOIIKY,
OJTHOTO U3 B 1BeTOB, TO KOJUIECTBO 3aMOIIEHUiT TaKoil 1oJ10ckl paBHO 1),_p - B. Takum obpaszom,
I0CJIEIOBATEILHOCTE 15, YIOBIETBOPSIET PeKyppeHTHOMY coorHomnenuio: 1, = AT, _, + BT, .
Hecnoxmo 3amMeTuTh, 9TO HadaIbHBIE 3HAUEHUS STOM MOC/IeI0BaATEIbHOCTH UMEIOT CJIEIYIOIIHe
suavenns: T, = A%, ecimn % €N, (m<b), T, =B uT, =0 misa ocraJbHbIX i, MEHBIIHX b.

JLnst naTbHERIIINX PACCyKJIeHUI HaM MTOTpedyeTcs

Teopema 7 (CusbBectp). ITycmov a u b 63aummno npocmoie namypasvroie wucaa. Tozda, ecau
n>(a—1)(b—1)—1, ypasuenue ax + by = n umeem peweHue 6 HAMYPAALHHLT YUCAQL.

Paccmorpum tpeyronmbauk [lackasis pacioioKeHHbIN cTaHIaPTHO coryiacHo puc. 3. Kax-
JIOiT TOYKe Ha JeKapTOBOM MJIOCKOCTH M3 YeTBEPTOil YeTBEPTH ¢ KOOPAMHATAME (,Y) COMOCTa~

V) gevpe,

BUM B COOTBETCTBHE ee ‘Maccy”

Puc. 3

[Iycte k,l B3auMHO mIpOCTBIE HATYpPAJIbHBIE YnCIa. PaccMOTpUM Ha JIEKAPTOBOM ILJIOCKO-

CTH U3 PUC. 3 CEMENCTBO MapaJLIeTbHBIX TPAMBIX [1, lo, . . ., OIIPEJIEJIEHHBIX CJIETYIONTUM 00Pa30M.



Apucmernka u KOMOMHATOPHKA PEKYPPEHTHBIX IT0CIE[0BATE/IEHOCTEH 85

k
77 a KazK-

Jagd ciaeayroniad IIpgAMad IIOJIydaeTCd U3 Hpeﬂbmymeﬁ IIapaJijeJbHbIM II€peHOCOM Ha BEKTOP

[Ipsimas [ TpPOXoaUT Yepe3 HavYaJI0 KOOPJMHAT C TAHIE€HCOM YIJIa HAKJIOHA PaBHBIM

(0; -7 dcno, aro g Kaxkjoro ¢ € N ypaBHeHHe psIMOit [; uMeeT BU/I
koo
= -z —-.
Yy=7" 77

U3 usozkeHHOro Bhiiie u TeopeMbl CHIbBECTPA CJIEYET, YTO 3TO CEMEHCTBO MapaJlIieb-
HBIX IpAMBIX 1pu i > (k+1—1)(l — 1) — 1 umeer Hemycroe mepecedeHue ¢ MHOKECTBOM TOUEK
u3 TpeyrosibHrka [lackasisi, n306pazkeHHOro Ha puc. 3.

st kaxk1oro HarypasbHoro unciaa n depes F, (k, [, A, B) obo3nadum cymmy “macc” Touex

C TEJIOYHUCIEHHBIMU KOOPUHATAME U3 Y€TBEPTON YeTBEPTHU ITPUHAICIKAIINUX TPAMOT Ly, 1.

Teopema 8. Iocaedosamenvrocmo { Fi(k, 1, A, B)}ien ydosaemeopsem pexyppenmmomy coom-

HoweHruUMN!

Fo(k,1,A, B) = AF,_(k,1, A, B) + BFy,_4)(k, 1, A, B),

nauanvuve snaverus Fy(k, 1, A, B), ..., Fyy(k, [, A, B) onpedeasiomes cozaacho caedyrouyum pa-

eexcmeam.

Fi(k,l,A,B) =0, ecau i ne deaumcsa na l,

Fi(k,l,A, B) = At ecau i deaumea na l,
Fk+l(k7laA7B) = B.

IIpu smom das xascdozo n F(k,1, A, B) cosnadaem ¢ Koauuwecmeom 3amouseruti nosocwl, co-
cmoswet U3 n 00UHAKOBHLLT AYEEK, MUHOWKAMU padmepos | u k + 1, y xomopwvix Kosuvecmeo

UBETNO6 CoOMEBEMCMBEHHO PAGHO A u B.

Joxazameavemso. Pacemorpum npsmyto ax’+by’ = n, tiae a,b,n € N u a u b B3auMHO 1IpocThIe,

n
KOTOpAasl MOJIyIaeTcsl U3 IPSMOit y = —x — — € HOMOIIbIo TipeobpazoBanus ' = —(z+y);y = .

Torma b — a = k,a = [ u, cienoBarenbno, b = [ + k. CoryiacHO paccyzKIeHUsIM, TPUBEIEHHBIM
B HavaJjie 9TOro pasjesa, nocienoareabHoctsb { Fi(k, [, A, B) }ien YIOBIETBOPSIET CJIELyIONIEMY

PEKYPPEHTHOMY COOTHOIIIEHUIO:
F.(k,1,A,B) = AF,_,(k,l, A, B) + BFn_(k_H)(k:, l,A,B)

u Jyist kaxgjoro n F,(k, 1, A, B) coBmajaer ¢ KOJIUIeCTBOM 3aMOIINEHUS TI0JIOCHI, COCTOSIIEH 13
. OJJMHAKOBBIX queK, MHWHOIIIKaMN paBMepOB a n b, y KOTOprX KOJINYECTBO IIBETOB COOTBET-

CTBEHHO paBHBI A 1 B. n

Jlajiee pacCMOTPUM MPUMEPDI, WJLTIOCTPUPYIOITUE MPEJIBIIYIYI0 TeopeMmy. Ecm Tanrenc
yIla HaKJIOHA ceMefcTBa MapalyIeIbHbIX MPIMbBIX paBeH 1/2; TO MOJIy9atoTces Yucia, COOTBET-

CTBYIOIIIME PEKYPPEHTHON TIOC/IETOBATENBHOCTU L)y = Lpy_9 + Tpy_3.
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Puc. 4

Ecii TaHrenc yria HaK/JIOHA CeMeCcTBa MapaJsulesIbHBbIX MPIMbIX paBeH 1/3, To mosyda-

IOTCS 9HCJIa, COOTBETCTBYIONINE PEKYPPEHTHON MOCJCIOBATEILHOCTH Ty, = XLy 3 + Tpg.

273003 73432 3003 2002 1001 364 91
5005 6435 L435 5005 3003 1345 455 105 (5 |

I 120 560 1820 4308 8008 \440 12870 1440 8008 43L8 1820 560 120 e

Puc. 5

[Tpenpraymue aBa n300pakeHUs U3 IPUMEPOB, WJLIIOCTPUPYIONINE TeOPeMY 7, B3ATHI U3
OTKPBITOrO ncTOUHUKa: https://www.anaphoria.com/wilsonmeru.html.

Asrop 6sarogapur A.H. AGbI3oBa 3a MOCTAHOBKY 3a/a9 U IPEJJIOKEHHBIE METOJIbI UX
perennit. Takxke aBrop Osarogaput JI.'T. Tankuna 3a 1ieHHBIE COBETHI.
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Koukypc 2023 roga Ha couckaHue MeaaJjd U IIPpeMUn
nmenn H.UM. JlobageBckoro
«3a BbLIaoIIuecd padboTel B obyacTtn PyHIAMEHTAJIbLHON 1
MPUKJIAAHON MaTeMaTUKI»

Kazanckuit denepaibHblii yHUBEpcHTET 00bABIsIeT ouepeanoii KoHKypce Ha conmckaHue
mveqasm u npemun nmenn H.U. JlobatueBckoro «3a Beiarorimecss paboTsl B 001aCTH DyHIaAMEH-
TaJIbHONA M HPUKJIIQIHON MaTeMaTUKI».

Menaas nmenn H.U. JlobaueBCcKOTo M COOTBETCTBYIOIIAsA JIEHEKHAs IIPEMUsi B pa3Mepe
75 000 (cembgecsaT nsth Thicstd) gostapoB CIIA npucyxkmarorca Kazanckum deepaibHbM
YHUBEPCUTETOM 3a BBIJAIONIHECs PA0OTHI B 00/acTu (DyHIAMEHTAILHON W IMPUKJIAHOW MaTe-
maTuku. Megasp u npemust HocaT nMst Hukonast Banosuda Jlobagesckoro (1792-1856), renn-
AJIBHOIO PYCCKOI'O MaTeMaTHKa, OCHOBaTells HeeBKJ/IMIOBON reomeTpuu, pekTropa Kazamckoro
yuusepcntera (1827-1845).

B konkypce na couckanne Mejanau u mpemun umenu H.U. JlobayeBckoro moryT y4dacTBo-

BaThb POCCUIICKUE U 3apyOexKHbIe yUeHble ITepPCOHAJIBHO.

IIpaBo BbBIABU>KEHUsI KaHANMJAATOB Ha COMCKAHME MeJajl U [IpeMuu
MIPEeI0CTABJISIETCS:

a) akaJeMuKaM U djeHaM-KoppecroHjeHTtaMm Poccuiickoil akajemun Hayk u Axajgemun
Hayk Pecnybsmmku Tarapcran, dieHaM 3apyOeKHBIX T'OCYIAaPCTBEHHBIX aKaJleMuil u
rOCYIapPCTBEHHBIX HAYYHBIX COOOIIECTB;

6) poCCHICKIM U 3apyOeKHBIM HAYIHBIM yUPesKJICHUSIM, BBICITIM YIeOHBIM 3aBeIeHUSIM;

B) TOCYIAPCTBEHHBIM HAYYHBIM M MHYKEHEPHO-TEXHUIECKUM OOIIECTBAM;

I') HaydHBIM coBeTaM Poccuiickoii akajeMun HayK U JPYIUX BEJIOMCTB 10 BayKHEHITIM
npobJyieMaM HayKH;

1) HayYIHO-TEXHUYECKUM COBETAM MUHHCTEPCTB, BEJIOMCTB, BBICOKOTEXHOJOTUIHBIX KOM-

IIaHUIA.

K yyactuio B KOHKypcHOM OTOOpE JOIyCKatoTcsd pabOThl, OCBEIaloNnue pe3yabTaThbl Ha-
YUIHBIX UCCJIE/IOBAHWIT, BHECIITUX 3HAYUTEIbHBIN BKJIAJ] B pa3BuTHe (PyHIAMEHTATbHON U ITPH-
KJIQJHON MaTeMaTHUKU.

Menaab u mpemMust, a TaKzKe JIUIIOM 00 UX MPUCYKICHUH, BPYUYAIOTCS JIUILY, YI0CTOEHHO-
My HArpaJioil, Ha TOPXKEeCTBEHHOM 3acejlanuu Y ueHoro copera KOV B KoHIe HOSAOps — Havase
nekabps 2023 roja 1o pesy/braTaM MOTHBUPOBAHHOI'O 3aKJIFOUEHUS YKIOPH.

BoeiiBukenne KaHIMIATOB I yIaCTAsT B KOHKYPCHOM OTOOpE HMPUHUMAIOTCS IO aJIpe-
cy snekrponnoit nmoursl medal@kpfu.ru ¢ momenTa nybsmKanuu oObABICHUST O KOHKYPCE.
Nurepuer-ajpec caiita meganu u npemun nmenu H.J. Jlobadesckoro:
https://mathcenter.kpfu.ru/medal.

(© 2023 HayuHo-obpasoBaTenbHbili MaTemaTuyeckuii ueHTp MpuBosixckoro desepanbHOro okpyra
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OpraHu3anum Win OTAeJbHbIE JINIA, BbIABUHYBINNE KAaHANJaTA Ha COMCKaHUE
MeJlaJi U IIPEMUHU, NMpeAcTaBasaioT B cekperapuar Koukypca (medal@kpfu.ru cie-
nyforryto nagopmanuio (¢ momerkoii «Ha conckanme memanmu u npemun nmenn H. 1.
JIo6aueBckoro» ):

a) cBesieHust 06 aBrope (IepedeHb OCHOBHBIX HAYYHBIX pabOT, OTKPBITHUIl, W300peTeHui,
MecTO pabOThl U 3aHUMaeMasi JOJIKHOCTb, JOMAITHUI ajpec, HOMepa CJIyKeOHOro u
JIOMAIITHEro TesiehOHOB);

6) omyGIMKOBAHHYIO HAyUHYIO PaboTy (cepuio paboT) WM CCHUIKM HA HUX, MATEPHAJIbI
HAYyYHOIO OTKPBITHS WU M300peTEeHNUs;

B) MOTHBHPOBAHHOE IIPEJICTaBJIeHIe, BKIOYAOIIee Hay IHYI0 XapaKTePUCTHKY PabOThHI, ee

SHa4YeHue JIJIsd pa3BUTUA HAYKH U HAPOIHOI'O XO3AMUCTBA.

[Ipuem pabot ocytectBisercs 10 30 mioHst 2023 roga BK/OUNTEIbHO. PaboThI, TIpe/I-
CTaBJIEHHbIE HA KOHKYPC, HEe BO3BPAIIAIOTCH.

[Tobemurenb KoHKypca oyaer onpeaernex 10 30 cenTsaops 2023 roaa.

Meﬂaﬂb, a TaK2Ke JUIIJIOM O IIPUCYXKJICHHUN MedaJ/In 1 COOTBETCTBYIOIIasA JCHE2KHasA IIpe-
must B pazmepe 75000 (cembiecsT msiTh Thicsd) gosutapos CIITA Bpywatorcs iy, yaoCcTOeH-
HOMY HAIpa/ibl, 110 pe3y/IbTaTaM MOTHBUPOBAHHOIO 3aK/od9eHns MeK 1yHapoIHOIO »KIOPU KOH-
Kypca Ha TOpyKeCTBEHHOM 3acejanuu Y uenoro copera KOV B konie HogOps — Havasie JieKadpst
2023 roga. lepemonust Bpyuenus cocroutcs: B Ajekcanipockom 3ajie Kazanckoro degepalib-
HOro yumsepcurera. Memaab u npemuto Bpydator IIpencemarens [lomednrenbeckoro cosera u

[Ipencenarens Ydaenoro copera Kazanckoro deaepajsbHOro yHUBEPCUTETA.
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